O6 aBTOMATHON MOIEIN 3AIIUIIEHHBIX
KOMITLIOTEPHLIX CHUCTEM

A. B. T'anarenko

B pa6oTe cTpOUTCA BEPOATHOCTHAA MOJEIb KOMIbLIOTEPHOU CUCTEMBI,
BBOJUTCA NOHATHE 0€30MaCHOCTH AJAA Hee W NPUBOAATCA YCIOBUA, IIPU
COGIIOIEHNN KOTOPBIX CUCTEMA, ABIACTCA GE30MaCHON.

BBegenmne

B pabore [1] koMObIOTEPHAS CUCTEMA PACCMATPUBAETCSA KAK KOHEY-
HBIM aBTOMAT, 9TO MO3BOIWIO PACIPOCTPAHUTL HEKOTOPHIE (HaKTHI
U3 TeOPUM aBTOMATOB HA 9TU CUCTEMBI. OTMe‘IaeTCﬁ[, 9To0 |I[a.JIbHeI‘/)I—
mee 00OO0IIEHEe TAKWX CUCTEM OCYIIECTBIAETCS 33 CIET PACCMO-
TPEHUA BEPOATHOCTHBIX aBTOMATOB. HI/I}Ke IpuBOOATCA peByJIBTa,TBI
TAKOro 006001eHus.

81. OcHOBHBIE TOHATHUA U PE3YJIbTAThI

IIycTe ¥ — KOHEYHOE MHOXECTBO, X.* — MHOXKECTBO BCEX KOHEYHHBIX
CIOB HAJ Y, X € — IIyCTOE CJIOBO.

Ilog BEPOATHOCTHEIM ABTOMATOM NOHMMAETCA TPOUKa A =
(S,%,0), rae S u ¥ CyTh KOHEUHBEIE MHOXKECTBA (COCTOAHUA U BXOI-
HOU a71(haBUT, COOTBETCTBEHHO), & § — (YHKINA, ONPEJEJICHHAA HA,
MHOXKeCTBe S X Y. ¥ NPUHUMAOIIAA B KAYECTBE 3HAYCHUN BEPOAT-
HOCTHEIE MEPHI HA MHOXKECTBE S (0603HAMIM MHOXKECTBO TAKAX MED
qepes fu).

Mus muoxectsa B uwepes | B | o603naunm momuocTs B. IycTs

n
| S |=n. Torga p = S (P1--.pn) | D ZO,izl...n,Z:Ipi: 1}.
Pyuknua § MOXKeT ObITb ONPEIETeHa KaK HeKOTOpoezMHOX(eCTBO
CTOXACTUIECKUX MATPUI (HAIIOMHMM, YTO MATPHUIA HA3EIBACTCA
CTOX&CTH‘{eCKOfl, €Clin BCe €€ SJIEeMEHTHIL HeOTpI/II_IaTeJII)HhI n CyM—
Ma DIEMEHTOB B 000n crpoke pasHa 1). Ilycts | ¥ |= m. Torga
6 =(M,...Mp,,), vae My = (pfj)zjzl. Beauuuna, pfj UMEET CMBICT
BEPOATHOCTY NEPEXONA MO KOMAHIE HOMEDP Kk U3 COCTOAHUA HOMED 4



B cocTossHue HOMep j. PyHKIMOHUPOBAHUE BEPOATHOCTHOI'O aBTO-
MaTa IPeCTABIACT COOOU HEKOTOPBIN CJAYy9IalHEIN IIPOLECC.

IIycte i = (p1 - - - pin) € 4 — BEKTOP UCXOTHOI'O PACIIPENETCHUS
BEPOATHOCTEN ({4; €CTh BEPOATHOCTD TOr'O, YTO A0 HAYAIA PAOOTHL
aBTOMAT HAXOWICA B cocTosaHuu §; € S), a {M; ... M, } — cucre-
Ma MaTpul, onpeaensaomas Gyskuuio §. Torga noBegeHremM BeposT-
HOCTHOI'O aBTOMATA HA3KLIBAETCS OTOOPAKEHIE 6:SxT* - W, 3a1a-
BaeMoe hopmyaoi & (fi, o) = Mgy . Mgy, rae a = a(1) ... .a(k)
— BXOJHOE CJIOBO.

DyHKIWMA § MMEET CMBICI BEPOATHOCTH MONAJAHUA B KAKOE-I160
COCTOSIHUE TIPY YCJIOBUY 33JaHHOI'O HAYAJBHOI'O PACIPEIeIeHUA U
[IOCTYIUBIIETO HA BXOT CJIOBA.

[lepeuncanm FOmymeHNsT O KOMIILIOTEPHOU CUCTEME, MOLEIIPYe-
mou aBroMaroM A. IlycTe B cucTeme paboTanT ABA MOIB30BATEI:
H u L. llons3oBarens H nveer mpaBo 3HATBH O cucTeMe Bce, a L —
TONBKO 4YacTh uHpopmanuu. [loxg 6esonacuocTrio aus A comepxa-
TEJABbHO IIOHUMAEM CI/ITyaHI/IIO, KOrjga 1oJb30BaTeElb L HE 3aMedaeT
Bausinus H va A. Popmanusyem sro. [Iycrs ¥ = Xy U XY, To ecTh
y KaXJOr'O MOJIb30BATENA €CTh CBOM HAGOP KOMAH, HE IEPECEKAI0-
muucs ¢ HaboOPOM APYrOro MOAL30BATENsI. B Kax IBI MOMEHT Bpe-
MEHU TOJBKO OUH MOJb30BATENb MOXET BBOIUTH KOMAHARL IlycTh
COCTOsIHUE — BEKTOP MAapaMeTPOB, YaCTh KOTOPLIX COOTBETCTBYET
OJIBE30BATENI0 L, & 0CTaBLIAACA 9aCcTh — moab3oBarenio H. Ucxons
73 ONKCAHHOU U IE0J0r N, (POPMATBLHO ONPEAEINM IOHATHE 6e30mac-
HOCTH.

Onpegennym 6e3omacHoe HaYAIBHOE cocTosiHMe. B cuty Toro, ¥To
nonb3oBaTenio L ”He mouaoxeHo” BugeThb pe3yiabTarThl padoTsr H,
€CTECTBEHHO MOTPE0OBATDH, YTOOR B HAYAILHBIM MOMEHT B CUCTEME
He ObL10 nHpopMarmu 0 H, 1o ecTb Bce H-KOMIIOHEHTHI HAYAJIBLHOIO
cocTosiHusA ObLTY 3aHyaeHbL. Takue HaYaIbHBIE COCTOAHUS MBI Oy 1eM
HA3LIBATHL 0€30IACHBIMU.

HavanpHOe pacupenesneHve COCTOSHUU HA3BIBAEM OE30IACHBIM,
eCi C BEPOATHOCTBHIO, PABHOM 1, A HAXOAUTCA B MEPBLIM MOMEHT
B HEKOTOPOM 0€30IaCHOM HAYAJBLHOM COCTOSHUMU.

Beegem Ha S OTHOIIEHVE DKBUBAJEHTHOCTHU, IIOJAras $; ~ §j,
ecay OHM OTIN4YarTCa ToabkKo Ha H-kxommonentax. CooTBeTCTBY-
IOIe KJIACCHI DKBUBAJEHTHOCTU WHIYLMPYIOT MPOEKTOp 7 : S —
S/ ~. Iycrs [s] — kIacc SKBUBaJIEHTHOCTH S. BBegeM (yHKumo
F :¥* —» ¥}, onpegenseMyo Tak: eC W = 21 ...2ZN, T0 F (w) =
F(.Cljl) .. F(;L'N),F(.CE,) =x;Opux; € ¥y, u F(.TC,) =cnpuzx; € Xg.

3amerum™m, uTo F' nesicTByeT Ha Y} Kak TOXIECTBEHHOE OTOODA-
XKEHUe.

3aHymepyeM COCTOsHMS aBToMara A Tak, 4To cHadana 6epyrcs
COCTOSIHUsI, COOTBETCTBYIOIINE IIEPBOMY KJIACCY DKBUBAJEHTHOCTH,
3aTeM — BTOPOMY, M Tak gajee. Torga marpuusl Buga My moryT
CYNTATHCA COCTOAIMMY 13 OJOKOB, COOTBETCTBYIOIINX IIEPEXOTY U3



OJIHOT'O KJIACCA DKBUBAJIEHTHOCTU B IPYTOU.

Oycts | S/ ~|= 1. O603na4uIM Yepe3 (7, MHOXKECTBO BEPOSTHOCT-
HEIX Mep Ha S/ ~. PaccMoTpuM mpoekTop 7 : u — i, 3a1aBaeMbII
TaK.

Ecmu p;; cooTseTcTByeT COCTOAHWIO W3 §-TOr'O KJIACCa DKBUBA-

k.

JEHTHOCTH, TO TOnaraeM pr = ) Dij, W TIPX ji € [ BBHIIOJHEHO
j=1

(i) = (pf...pF).

Iycts M (l) — MHOXECTBO KBaPATHEIX MATPUL pa3Mepos [ X .
Omnpenennm dyuxmuio Agr : 3 — M () caegyommm 06pazoM.

IIyctb w € ¥}, w = w(l)w(k) uM = Mw(l) L Mw(k) B
MaTpune M mpoumcxoguT OO6BEIUHEHNE COCTOAHMUMA, COOTBETCTBYIO-
X OJHOMY KJIACCY SKBUBAJEHTHOCTU TaK, ITO A1 KaXI0I'O KaacC-
ca BEIOMPAETCA ONWH MPEACTABATENb, U B KAIECTBE BEPOATHOCTH
nepexoj1a U3 JAHHOI'O KJIACCA B APyrue 6ePeTcsa CyMMapHasa BEPOAT-
HOCTb IONAJAHNUSA U3 BEIOPAHHOIO COCTOAHUA B COCTOAHUS APYTOrO
kaacca. Takum 06pasoM, or marpuusl M pasMepoB n X N mEPExo-
mum K marpune N pasmepos [ X | u rosopum, uro Agr(w) = N.
Boob6we roeopsi, 5TO OonpeneseHue HE SBISETCI KOPPEKTHBIM, TaK
KaK OHO CYIIECTBEHHO 3aBUCAT OT BLIOOPA IPEICTABUTENSA KIACCA
SKBUBAJEHTHEIX COCTOSHUN, OHAKO MOXHO CHOPMYIAUPOBATE yCJIO-
BUs, NpU KOTOPHIX (pyHkimsa Agr ompexgenena xoppexTtHo. Comep-
XKATEIbHO Agr 03HAYAET HepPexol K MPOLECCY € arpPerupOBAHHEIMU
COCTOAHUAMMN.

Onpenenenne Gesonacaoctu cucteMel. CucreMa, 3a1aBaeMas Be-
posiTHOCTHEIM aBToMaToM A = (S, X, ) u GesonacHEIM HAYAILHBIM
pacmpeneaeHneM [i, Ha3bIBAETCA 6e30naCH91‘?1, €CaIM BBIIIOJHEHBL Clle-
nyronme nBa ycaosusa: (1) oroGpaxenue d, Takoe 910 0 (fi,wr) =
7 (i) - Arg (wr), KOPPEKTHO ONPEIEICHO U NEUCTBYET B fiL;

(2) caegyroomasn guarpaMMa KOMMYTaTHABHA:

S x ¥* i)

7
JF ) 7

SXEZ i) ML

3ameTuM, 9TO, BO-TIEPBLIX, OpeneteHne 6e30MacHOCTH OTBEIAET
MHTYATUBHBIM [IPEICTABICHAAM O 6€30IIACHOCTH, ONVCAHHEIM BEIIIE.
Heucreurensro, yenosue (1) o3nagaeT, 9To noas3osaTegs L He MO-
XKET PABINIATH COCTOSHUA, OTIXIAOMMECT TOILKO HA H-KOMIOHEH-
Tax, a ycaosue (2) - 9To nonb3osarens H me Moxer MenaTs L-koMm-
HOHEHTH. BO-BTOPLIX, ONPEIENeHAE COOTBETCTBYET MPeNI0KeHHOU
B [5] naeonoruuy, 3ampemanomel YuTaTh BBEPX U NUCATH BHUS.

Omnpegeserne 6e30MACHOCTH CACTEMEI HE MPEJOCTABIAET KOH-
CTPYKTUBHOIrO crroco6a mposepku 6e3onacHoctu. Chpopmyaupyem u
JZOKaXKeM NOCTATOYHEIE yCJIOBUA GE30NACHOCTY CUCTEMEL.



Byzaem paccmaTprBaTh TOIBKO ABTOMATEL C 6€30MACHBIM HAYAIb-
HBEIM DaCIPEJeJIeHAEM.

Bynmem roeoputsk, ¥T0 Marpuna Buga M) o6aamaeT CBOUCTBOM
CTalUOHAPHOCTH, ECIU CyMMa, DJIEMEHTOB KaX [Or0 OI0Ka, [0 CTPOKE
IIOCTOAHHA HE3aBUCUMO OT BHIOOPa CTPOKU B OJIOKeE.

Marpuua Buga My, 061a136T CBOUCTBOM AUATOHAIBLHOCTY, €CIA
BCE €e BHEAMATrOHAMbHEIE OJOKYU COCTOST U3 HyJEH.

Teopema 1. Insa Brmonnenus ycaosus (1) Ges3omacHOCTH cucTe-
MEI JOCTATOYHO, YTOOBI MATPUILI M}, COOTBETCTBYIOIINE KAXK JOMY
DJEMEHTY X1, ObLIM CTAIMOHAPHLIMU.

Teopema 2. [us Bemonnenus ycaosue (2) 6e30macHOCTH CHCTE-
MEI JOCTATOYHO, 9YTO0BI MATPUIEI M}, COOTBETCTBYIOIINE KAXK JOMY
DJIEMEHTY X g, 00Ma4a1 CBOMCTBOM [UATIOHAJIBLHOCTH.

Taxum 06pa3oM, OT YCJAOBUU HA CIOBAX MTPOU3BOIBHON [IUHBI MEI
[epenuy K yCJIOBUSAM Ha MaTpuubl nepexona. OTmMeTuM, 4TO mMOIY-
YeHHBIE yCI0BUsA ~1ouTH HeobxoquMer” . Kcau cymecTByer marpuna,
COOTBETCTBYIOWIAsA HEKOTOPOMY DJIEMEHTY X.J,, UMEIOLIAs B HEKOTO-
poM 6J0KE Tapy AOCTVKUMBIX COCTOSHUU C PA3HEIMU CyMMAaMU TIO
CTPOKe, MOXHO yKa3aTh BXOLHOE CJIOBO, HA KOTOPOM HAPYIIATCA
ycaosue (1) 6esonacuoctu. [Janee, eciu CymecTByeT MaTpHULA, CO-
OTBETCTBYIOLIAS HEKOTOPOMY JIEMEHTY Y.y, UMEIOIIAsA B HEKOTOPOM
BHEIMArOHAJILHOM OJIOKE HEHYJIEBOU BJIEMEHT, COOTBETCTBY IOLIUN I1e-
pexony u3 HOCTUXUMOI'O COCTOSIHUA, JIEI'KO YKA3aTh BXOJHOE CJIOBO,
HA KOTOPOM HapymmTca ycaosue (2) 6esonacuoctu. O6a yTBepx ae-
HUA IMIOYTU OYCBUIHBI, 1 MBI OIIYyCTUM UX NOKA3aTEIBCTBO.

§2. BcnmomoraTeabHbIE YTBEPXK J€HUA

NmeeT MecTo caepyromiee yTBEPXK ICHUE.

Jlemma 1. Ilycte A u B - MaTpus, yI0BJIETBOPAIOIIME YCIOBUIO
cranuonaprocTu. Torga marpuna C = A - B Takxe yIOBIETBODAET
YCJIOBHIO CTAIMOHAPHOCTHU.

HokazarenscTro. Ilyctes B MaTpumax A u B umeercs [ 610k0B
Dy, B xkax10M U3 KOTOpEIX k; cocTtosuuu. Bes orpanumyenus oOm-
HOCTH, PACCMOTPUM JeBE BepxHuM 610Kk marpunst C. [JocTarodano

NOKa3aTh, 9TO miasA ¢ u ', Takux 910 1 < 4 < i’ < k;, BEINOTHEHO
k1 k1

> cij = > ew j- JdencTBUTEIBHO,

j=1 j=1

k1 k1

d=> (cij—ci'f) =Y | D (air - brj — ai - biy) | =
J

j=1 1 \k=1

k n n

k1
=> brj (ain — avr) | =D [ D by (aix —avs) | =
j 1

i=1 \k= k=1 \j=1

[y

=~



n k1 l k1
= Z (air — airk) Zbkj = Z Z (air — air) Zbkj-
=1 j=1 m=1 k€D, j=1

B cuny Toro, uro cymma saeMeHTOB 6I0KOB MaTpuIisl B o cTpo-
Ke He 3aBUCHUT OT BEIOOPA CTPOKYU B OJI0Ke, BHY TPEHHIO M CPETHIOI
CYMMEI ITOCJIEAHETO BEIPAXKEHUS MOXKHO IIOMEHATH MECTaMU, ITO 13-

eT
k1

d= Z zbkj z (aik — ai) -
m=1j=1  kE€Dm
C y4eroM TOro, 94T0 BHYTDPEHHSS CyMMAa 3[€Ch 110 YCJIOBUIO JEMMbI
TOXIECTBEHHO paBHA Hyuaw, d = 0. Jlemma gokazana.

Jlemma 2. Ilycts mMaTpuna A yaoBIeTBOPSAET YCJIOBUIO CTAIUO-
HAPHOCTH, MATPULA B yIOBIETBOPAET YCIOBUIO AUATOHAILHOCTH.
Torga marpuna C = A - B uMeeT Te e CyMMHI 110 CTPOKE DJIEMEH-
TOB B OJI0OKe, 4TO 1 MaTpuna A.

MoxazareascTBo. B cuty Toro, uto Matpuiia B obaagaeT cBou-
CTBOM [IUATOHAJBLHOCTU, OYEBUIHO, ITO OJOKU MaTpunsl C moxay-
YaIOTCA MEPEMHOXEHUEM OTHOrO OJ0Ka MaTpunkl A Ha OguH GIOK
MaTpuisl B. Bes orpanndenus 00UHOCTY paCCMOTPUM JIEBBLIM BEPX-
uun 6ok marpuusl C. Iycts ou umeer pasmep ky X ki. [Hokaxewm,

k1 k1
910 gas 4, Takux 410 1 < ¢ < ki, BHIIOIHEHO ) Aij = », Cij.
Jj=1 Jj=1
Herpynuao ybeaursbes, 94TO
k1 k1 k1 k1 k1 k1
d=> (aj—cij) =Y |ay =D aaby | =D az—Y_ > auby =
j=1 j=1 I=1 j=1 j=11=1

k1 ki1 k1 k1 k1 k1 k1 k1
= ay=Y > aaby; =Y ai;—Y au Y by = ay—» ag=0.
j=1 =1 j=1 j=1 =1 j=1 j=1 =1

Tem cambIM 1eMMa, 2 [OKA3aHA.

83. [loxazaTeabcTBO TeopeM 1 u 2

TlokasaTerbeTBo TeopeMbl 1. KOppekTHOCTD ompegenenus § B (1)
crefyer u3 KOppekTHOCTu ounpenenenus ¢yuxuuun Agr. Koppekt-
HOCTB onpenenenus Agr ciegyer u3 memmber 1.

U3 nemmbl 1 ¥ CTOXaCTUYHOCTH MATPUIL IIEPEXOJa CIEAYET, ITO
MaTpuia Agr (wr) — TakXke CTOXaCTUYECKAs. SHAYUT 0 HA CAMOM
nene menucTByeT B ur. Teopema 1 moxasana.

[okazareascTBo Teopemur 2. IlepeBemem onpenenenue 1 HA S3BIK
TEopuM BEPOATHOCTEN. Y HAC ONPEJEIEH arPEerupOBAHHBIN IPOLECC
HA CJIOBax noab3oBarens L. B cury Toro, 4ro qmarpaMma KOMMYTH-
pPyeT, arperupoBAHHLIN MTPOLECC JOMKEH OBIThH OIMPEIeIeH Ha JIO0BIX



BXOJHEIX C(JIOBaX. B cmiy Teopemel 1 u CTOXaCTHIHOCTH MATPHUI[ B
YCIOBUE TEOPEMEL 2, TAKOU IIPOLECC KOPPEKTHO onpeneneH. Kommy-
TATUBHOCTH JUATPAMMEI JOCTUIAETCS TOr4A X TOABKO TOTAA, KOTAA,
arperupoBaHHEIE IPOLECCH SKBUBAJIEHTHEI, TO €CTh MATPUIIEL IIEPe-
X043 Ha J000e IKCIO IIaroB COBIAJA0T.

[lanbuenee Q0KA3aTEILCTBO NMPOBEAEM UHIYKIUEN M0 [IJUHE
BXOJHOI'O CJIOBA. Ba3I/IC MHAYKIINN: Hepe.I[ Ha4vaJ0M pa,6OThI CuCTEeMBL
OUArPAMMa, OYE€BUIHO, KOMMY TATUBHA.

[ TOro, 9To6BI COBEPINNTE MH YK TUBHLIY IEPEX0, T0CTATOT-
HO MOKa3aTh, YTO BBEJEHNUE B JIOOOM MOMEHT BPEMEHHU JIO00U KO-
MaHIBL DOIB30BaTeNsa H He HAPYIIMT KOMMYTATUBHOCTH [IPH yCJIO-
BHU, YTO KOMMYTATUBHOCTEL He ObLIa HapylmeHa x0 »Toro. Urak,
JOCTATOYHO IOKA3aTh, YTO A JII000r0 w € X*, s KOTOPOro BEI-
nonueno Agr(w) = Agr (F (w)), u m060ro wy € Yy CupaBeminBo
coorHomenue Agr (w) = Agr (w-wg). A 3T0 ABIAETCA OYEBUIHBIM
crencrBueM gemmul 2. Teopema 2 goxasana.
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