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4 Bsegernne

Cuumaemesa noumu HOPMAALHBLM, 4IMO Mmeopus cezda b6ydem udmu
nozadu. Ho ece-maku, deticmeumenvro, Hado 6vl 06pawsamsd SHUMAHUE
Ha 60AEE MPOCTBLE BONPOCHL, HE 3ABUTPAACH BOKPY2 CAOHCHOCMEN, MAK
4mobv, HY romb 2de-Hubydo 3abescams eneped u NPOMAHYMD NPAKMUKE

PYKY NOMOULL.
M.P. IIlypa-Bypa *

BBenenue

YpaBagiomas cucreMa, (PYHKIMOHUPYIOIAs B Cpee, — TO IMeHTPaJbHOe MOHATHEe KHOepHe-
THUKU.

YIpaB/sione CUCTeMbI MOXKHO pa30UTh Ha JIBa KJacca: Te, KOTOpbIe NeHCTBYIOT 0e3 Ia-
msTh (pedIeKTOPHO), W Te, KOTOPble NMEIOT maMsiTh. BTopoil kiacc HemaMepnmMo Gorade, dem
HEePBbI, U U3y4daeTcs B NepBYIO ovdepesb. [IpuMepsl ynpasisgonmx cucreM 6e3 maMsT: BUPY-
CbI, MUKPOOBI, Pa3MeHHbIe annaparbl. BhIcIne »KUBOTHBIE, Y€/I0BEK, B TEXHUKE — aJIAlTUBHbBIE
CHCTEeMBI, KOMIIBIOTEPHI — YIIPABJIAIOIINE CHCTEMBI C TaMIThI0. ECTeCTBEHHO BO3HUKAET BOIIPOC
ONTHMAJIHLHON OpPraHU3aIui MaMITH B TAKHX CHCTEMaX, KOTOPYI MOYXKHO OTOXKIECTBHUTH C CO-
JlepKaTeTbHBIM MOHAMAHIEeM 0a3 JTaHHBIX.

Kaxk ciegyer m3 u3BecTHBIX CHpaBOYHUKOB [26, 30|, 6asa darnwviz — 9TO MMEHOBAHHAS CO-
BOKYIIHOCTD JAHHBIX, OTPAZKAIOIIAs COCTOSHIE 0OBEKTOB U MX OTHOIIEHHH B PaCcCMATPHBAEMOIl
npeJIMeTHOH 0bJ1acTH.

Ecmu cneposars  JIx. Mapruny [25], K. Hdeiiry [19], T. Tuopu u [Ix. ®@paio [32], To
OpraHu3anuio 0a3bl JAHHBIX MOYKHO YCJOBHO Pa3e/IuTh Ha JOTHYeCKyo u dusudeckyio. Jlo-
rmyeckKasd OpraHmu3alnusd 6&3[)1 JaHHBIX OTpazKaeT IpeJCTaB/JIeHHe O 6&36 JaHHBIX ITPUKJIAJIHOTO
InporpaMMHuCTa W TTOJIB30BaTeJId, a (bI/ISI/ILIeCKaH — IlipeacTaB/JieHne CUCTEeMHOI'O IMporpaMMUCTa
u aHaquTHKa. B [32]| Bbimessiercst elme OMWH yPOBEHb, 60Jiee abCTPAKTHBIN, YeM JIOTHIECKUii,
HA3LIBAEMBIil KOHIENTYaIbHBIM IpeACTaBICHIEM I OTPAYKAIOIINIA IIPeICTaBIeHIe aIMAHACTPA-
Topa 0a3bl JaHHBIX. OOIIENPUHATO, YTO OCHOBHBIMU MOJIEJISME JIOTHIECKON OpraHu3anun 6a3nl
JAHHBIX ABJIAIOTCA CJICAYIOIIUE TPU MOJECJIN: UepapXmieCKad, ceTeBasd U peJIdiuOHHad.

Camoit n3BeCTHOI CHCTEMOIt, HCIIO/IB3YIONIEil HePaPXUIeCKYI0 MO JAHHBIX, SIBJISIETCS CU-
crema IMS dupwmer IBM [46, 54, 55, 56]. B nepapxutdeckoii Mojiein OTHOINIEHNST MK Ly JaHHBIME
OpIBatOT THIA "POIUTETH — MOTOMKH', TO €CTh ¥ KarKJ0ro 00beKTa TOJbKO OJNH POAUTENh (Y
KOPHEBOTO 00bEKTA HET POJUTEJIsl), HO B MPUHIAIE MOYKET ObITh HECKOJBKO MOTOMKOB. Takue
OTHOIIIEHHUS NMPHUHSATO M300pazkaTh B BUJE JepeBa, riae pedpo MexKIy 0O0beKTaMHu 0TOOparKaer
HAJIMYe HEKOTOPOro OTHOIIEHNSI, IPHIeM Ha3BaHIe OTHOIIEHUs TUIIeTcs Ha pedbpe. Hampuwmep,
mexk Iy obbektamu "kiament'"n "3aka3' Moxker OBITH OTHOIIIEHHE, KOTOPOE Ha3biBaeTcs " memaer",
a mexkay "3aka3'"wm "roBaper— orHomenune "cocrout us".

B ciaydae, korma rpad oTHoIeHnit MexkIy 00beKTaMU MOYKET MPEeACTaBISITHCS HE TOJBKO
JPEBOBUIHBIMU CTPYKTYPaMU, MBI UMeeM JeJIO C CETEeBOIl MOIedbI0 JaHHBIX, MPelIOKeHHOM
accommarueii CODASYL [21, 36, 37, 38|. Ilousaruo, 4ro cereBas Mojesib Kak Gosee obmias
IpeIoCTaBIsgeT OOIBINIEe BO3MOKHOCTH 110 CPABHEHUIO C HEPAPXUIECKOil, HO, C IPYTOil CTOPOHBI,
OHA CTOJKHEe B peau3allii U HCIOTb30BAHUN.

Baciyra pa3spabOoTKI U pa3BUTHS PEIAIHOHHON Moaen 6a3 TaHHbIX npuHagiexxuT E. Komi-
ay [39, 40, 41, 42, 43, 44, 45, 47|. Pensnuonnas 6a3a JAHHBIX COCTOUT U3 IJIOCKUX TaOJIUIL, HA3BI-
BaEMBIX omHoweHuamu. CTPOKH TabIUIBI (IK3EMILISIPh 3anuceil) HA3BIBAIOTCSI KOPMEHCAMU,
a CcTOJIONBl — JdoMeHAMU.

M3 auckycenn mocae mokmana A.I1.Epmosa [20)].
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,ZL.HH OIUCAHUY OTHONIEHUN " OHepaL[I/Iﬁ HaJ HUMH CYHIECTBYIOT TOYHbBIE MaT€MaTUYECKHE
obo3HaveHs, OCHOBaHHBIE Ha ajrebpe OTHOIIEHMH WanW Ha ucuncgaenun orHomrenuit. E. Komn
[42] paspaGoras crenuanbHbIil I3bIK MAHUIYIHPOBAHUS JAHHBIME JIJIS TAKOH Ga3bl.

Paznmmanbie moib30BaTeIn MOTYT BBILAEIITH B 0a3e JAHHBIX Pa3THIHbIE HADOPHI 3JIEMEHTOB
JIAHHBIX W CBA3M Mexk Iy HuMu. CjeaoBaTe/bHO, HEOOXOIUMO UMETh BO3MOXKHOCTH U3BJIEKATDH
MOJIMHOZKECTBA, CTOJIONOB TAOJUIBI [IJIsT OJHUX TOJIb30BaTe/el, co3aaBasi TaOIUIbl MeHbIei
pPa3sMepHOCTH, & TaKKe O00beIMHATH Tab/JIUIBI JIjIs JIPYTHX MMOJIb30BaTe/ e, CO3/aBas MPH ITOM
Tabaunbl OoJibieit pasmeprnoctu. I3k E. Komama comepxkut 0be oneparun. Biarogapst onepa-
[AIM pa3pe3aHns U CKJIEHBAHHS TaOIUIBI 00J1a1al0T TMOKOCTHIO, KOTOPO JTHIIEHO OOJIBbIITNHH-
CTBO JIDEBOBUIHBIX U CETEBLIX CTPYKTYP.

C normveckoit TOUKH 3peHHs 0a3a JAHHBIX — 3TO MHOXKECTBO JIBYMEPHBIX TAOJIHUIL C ollepa-
OUAMHA U3BJICYCHUA U O6’be,£[I/IHeHI/IH CTOJI6].[OB.

C nomorpio Meroga HopMaam3anun E. Kogia [40] MoKHO JApeBOBH/IHOE WM CeTEBOE OITH-
caHnue 1peodbpa3oBaTh K HAOOPY MJIOCKUX TAOJIUIL.

[Tpu dpusuveckoit opranuzanuu 6a3 JaHHLIX Mbl IMEEM JeJI0 He ¢ TPeICTaBIeHUeM JTaHHBIX
B IPUKJAJHBIX TPOTpaMMax, a ¢ UX pa3dMelleHneM Ha 3allOMUHAIONINX YCTPONCTBAX.

Kpurepuu, onpeeisioniye BIOOp (busnydeckoii opranu3anum, OTJIHYAI0TCS OT TeX, KOTOPbIe
OIIPEeJIe/ISTIOT BBIOOD JIOTHYECKOH opraHu3amnuu JaHHbIX. [[pun Beibope dusndeckoit opranu3anun
pematonuM hakTopoM aBIsgeTcs 3hHEKTUBHOCTD, mpudem coriacHo k. Mapruny [25] na
IEPBOM MecCTe CTOHT obecredenune 3hMOEKTUBHOCTH MOMCKA, Jajee UAyT 3p(MeKTHBHOCTD OIe-
panuii 3aHeCeHUsT W yAaJeHusl W 3aTeM obDecliedeHrne KOMIIAKTHOCTH JaHHBIX. Kpome Toro, B
noc/ie/iHee BpeMst OOJIBIIYIO0 aKTYaIbHOCTh MTPUOOPETH TTPOOIeMbl 3alUTH JAHHBIX OT HECAHK-
[IIOHUPOBAHHOTO JIOCTYIIA.

Metonpl ¢pu3mIecKoil opraHu3aInul JAHHBIX XOPOIIO HM3/JI0KEHBI B KJIACCHYECKUX KHHTaX
J. Kuyra [23]|, Tx. Mapruna [25|, A. Axo, k. Xonkpodra, k. Yibmana [3].

ABTOp mamHOII PabOTHI OTHOCHT cebs K pa3pabOTUYHKaM CTPYKTYP H aJrOPUTMOB (H3HU-
JecKoil OpraHm3alun JaHHBIX. Tak, mpeararaeMas B JJaHHON paboTe MOJIe/Tb, peIHA3HAYAETCS
JIJIST UCCJIeIOBAHUSI CTPYKTYP U aJIlOPUTMOB moncka nadopmarmu. B 3Toit Mogesnn, mpeacrapiisi-
I0ITel CoO0it HATPYKEHHYI0 OPUEHTHPOBAHHYIO CeTh, Tpad ceTn OTpaykaeT CTPYKTYPY JaHHBIX,
a Harpy3ka cerw (DYHKIHUSIME HAJT MHOYKECTBOM 3aIPOCOB PeJI0CTABISET CIIOCOOBI OPUEHTAINN
B JAHHBIX, 3alipas WX OTKPHIBas MPOBOINMOCTL pebep Ha KOHKPETHBIX 3aIpocax. AKaaeMuK
ATH P®, npodeccop B.B.Kynpspues npemmtoxkun 607ee MUPOKO B3LASHYTH HA 9Ty MOIENb,
IMOJYEepPKHYB, 9YTO €€ MO2KHO paCCMaTpUBaAThb U KaK MOIEJIb JIOTUYEeCKOM OpraHnusalun JaHHBIX.
B sr1oit monenun, koropyio akajgemuk B.B.Kyapsisues npeioxkuin wHa3zBarh (yHKIHOHAJIHLHO-
ceTeBbIMU Oa3aM¥ JIAHHDBIX, Tpad CeTH, TaK YK€ KaK U B CETEBOI MOJEIN 0TODParKaeT CTPYKTY-
Py U OTHOIIEHUS] MEXKJIy JaHHBIMH, a Harpy3Ka pedep ceTH XapaKTephu3yeT OTHOIIEHHE MeZK Ty
o0beKTaMi, HO B OTJIMYNE OT CETeBOI MOJE/NH 3TO OTHONIEHHE CTAHOBUTCS (DYHKIIMOHAJTHHBIM,
TO eCTh ero Cojep:KaHne 3aBUCAT OT TeKyIero 3amnpoca (uin B GoJee 0OIeM MOHUMAHUU OT
TEKYIIEro COCTOSHUS OA3bl JTAHHBIX ).

HpeﬂCTaBJIHeTCH, YTO 3TO HACTOJBKO MHTEpEeCHad W MEePCIIeKTUBHaA KOHIECNIHIA, 9TO €€ Ha-
3BaHNe BHIHECEHO B 3ar0JIOBOK KHUTH.

Jlannast paboTa MOCBSIIIEHa UCCJIEIOBAHUIO CJI0YKHOCTH aJTOPUTMOB, TIPeIHA3HAYEHHBIX I
perreHus 3a7ad Moucka. B MoHATHe 3a1a4M MOMCKA MCCIEI0BATE/H BKJIAJIBIBAIOT 10 KpaiiHei
Mepe 3 pa3JIUIHbIX CMBICTA.

CrenuaJucTbl B TEOPUU MCCIEIOBAHUS ONEPAIil MOHUMAIOT 3aa9H MOMCKA KaK 3aadn
yIpaBJeHns COMUZKEeHUeM OJHOfl cucreMbl (HOMCKOBOM) ¢ Apyroii (MCKOMBIM OOBEKTOM) IO
Hero,/IHO# ampuopHoit nadopmanun. [loHnMaercs, 9To 1e/Ih MOUCKa — 3TO ODHAPYKEHWE WC-
KOMOT'0 00'beKTa, ONpeJie/IIeMOe KaK BBIIIOJTHEHUE OPe/e/IeHHBIX TePMUHAJIbHBIX ycjioBuii. IH-
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TEHCUBHO MPOOJIEMOil MOMCKA MOJABUKHBIX O0BEKTOB HAYAIN 3aHUMATHLCS B HEPHO] BTopoit
MUPOBO#i Boiiubl. IIHTEpec K 3Toit mpobJieMe B TOT 1Mepuoji ObL BbI3BAH HEOOXOIUMOCTHIO pa3-
pabOTKM TAKTUKH OOPBHOBI MPOTHUB MOABOAHBIX JI0M0K. Cpean paboT, MOCBANIEHHBIX 3TOil TemMa-
THKe, MOYKHO BBIJIEJINTH, HanpuMep, paborsl B. A. AGuyka, B. T. Cysmans [1], O. Xemwrvana
[33] m 1. TI. Kuwma [22].

Jlpyroe monnMamme 3a1a4 MONCKa MOXKHO HaiiTu B Kuure P.Anbceene, I1.Berenepa "3amaun
noucka"|2|. TIpuBeieM MOSCHAIOMUI TpUMep U3 ITON KHUTH.

Bo Bpemst Bropoit mupoBoit Boitabl Bce npusbiBaembie B apmuio CIITA moasepraJiuch mpo-
Bepke Ha peaknuio Baccepmana. [Ipu 3ToM 1poBepsiioch, ecTh Jin B KPOBU 00C/IEYEMOTIO Olpe-
JleJIeHHBIe aHTHTEa, UMEIOINIecs TOJIbKO Y 00TbHBIX. Bo BpeMs 9TOro MaccoBoro oocme10BaHus
OBLITO 3aMeYeHO, UTO pa3yMHee aHAJIU3UPOBATH MPOOY KPOBHU Iesoit rpynnbl Jofeit. Ecim Ta-
Kasg o0beauHeHHas Mpoba KPOBH HE COMEP:KHUT aHTUTEN, TO, 3HAYUT, HU OJUH U3 00CTIeTyeMbIX
He OosieH. B mpoTtuBHOM ciydae cpean HUX €CTh XOTs Obl OJWH 0OJILHON. XOPOIHil aaropuTm
MOWCKA, JIJIST 9TON 33291 — JTO TOT, KOTOPBIN JIJIsT THITNYIHOW BBIOOPKH JIt0/1eil mo3BOJIsieT "Ham-
CKopeiimuM 06pa3oM ' BBISIBISITH MHOXKECTBO BCEX OOJLHBIX.

Hpyroit upumep wmb Haxomum B crarbe .JIu, @.Ilpemaparsr "BeraumcaurenbHas
reomerpust"[24]. TaHo MHOXKeCTBO TOPH3OHTAJILHBIX W BEPTUKAJILHBIX OTpe3KoB. Hajo Haiitu
BCe TOYKH IepeceveHusi OTPe3KOB.

OTH JBa MpuMepa 00beINHIET TO, 9YTO B 000UX CIYUASIX MOUCK MTPOU3BOIUTCI OJHOKPATHO.
DTO MOPOKIAET CBOU OCODEHHOCTH TAKUX 337129 MOMCKA. KakK mpaBuio, JaHHBIE B 9THX 3a/1a9aX
He WMEIOT CJIOKHOW opranu3arnnu. Dukcamuss MHOXKECTBA, B KOTOPOM POU3BOJIUTCS TOUCK,
OJTHO3HAYHO OIpPEJIesIsieT MHOXKECTBO HaiimeHHBIX 00bekToB. '"XopomecTs"anropurma moncka
OTIpeIeISIeTCs TIPU BAPHUPOBAHUE MHOYKECTBA, B KOTOPOM TTPOU3BOIUTCS TOUCK.

B Tperbem monmMaHuM 3aa9U MOWCKA MPEJIIIOIATaeTCsl MHOTOKPATHOE OOpAIeHne K OTHIM
1 TE€M K€ JAHHBIM, HO BO3MOYKHO KarK/bIil pa3 ¢ pa3HbIMU TPEOOBAHUSAMHI K HCKOMBIM 00bEKTaM,
TO €CTh C Pa3HBIME 3aIPOCAME Ha MOUCK. Takne 3a7a49i MONCKa OOBITHO BOSHUKAIOT B CHCTEMAX,
HCIIOIB3YIONMIX 0a3bl JaHHBIX. MHOrOKpaTHOEe UCIOIb30BAHIE IIOPOKIaeT 0COOYIO IIPodIeMy —
npobJeMy CIennaabHOl OpraHM3aIil JAHHBIX, HAIPABIEHHON Ha MOCTEIyIONee YCKOPEHHe Mo-
ucka. [Iporecc Takoit crenuaabHOIT OpraHu3anuu JAHHBIX, TPOBOIUMBIIT JI0 TOTO, KAK OCYIIECTB-
JISIETCST TIOWCK, Ha3bIBAETCS MPEea00PabOTKON M 9acTO MOXKET 3aHUMATh OYeHb DOJILITOE BPeMs,
KOTOPOE 3aTeM OKYIIAeTCs CTOPHUIEil B pe3ybraTe MHOIOKPATHOCTH HmoucKa. IIpocreiimum mpu-
MEepOM IIPeI0OPAbOTKI ABJIseTCs COpTUpOBKa. IlocTtpoenne "xopomrero"aaropurma moucka B
9TOM CJIy9ae CBOIUTCSA K HAXOXKIEHHIO XOPOIIUX CTPYKTYP JAHHBIX, TO €CTh K OCYIIEeCTBICHHIO
TaKoil Xoporteit mpeaodpaboTKN JAHHBIX, KOTOpasi 0becrmednaa Obl XOPOIIYyI0 CKOPOCTH MOWUC-
ka. "Xoporrects" agiropuryMa Mmonucka B 3TOM CJIydae OMPeIe/sIeTcss BAPbUPOBAHUEM 3alpoca Ha
MOWCK, HAIPUMeED, KaK CPe/IHee BpeMsl MONCKa Ha, 3aIpoce.

Takne 3ama4n IMOMCKA, BO3HUKAIOIINE B CHCTEeMaX 0a3 JAHHBIX U IMPEIIOJIATraioIIe MHO-
roKpaTrHoe obOpallleHre K OJHUM W TeM YKe JaHHbIM, W SBJISIOTCI 00beKTOM pPacCMOTPEHHUs B
JIaHHO pabore.

Crenkypc "OnrumaabHbBI TOMCK B 0a3ax JaHHBIX', HA OCHOBE KOTOPOIO HAINCAHA JAaH-
Hast paboTa, dnTaeTcs Ha Kadeape MareMaTHIecKOid W MPOrPaMMHON 3amuThl WHGOPMAIAH
dakyaprera 3amutsl wadOpMaIn Poccriickoro rocyIapCTBEHHOINO T'YMAaHUTAPHOTO YHUBEP-
curera st cuemuagabaoctn Ne 220600 "Opranusamnust ¥ TeXHOJIOTHS 3aIuThl nHMOpMamn'.
[lenpro cmenkypca sIBASETCS OMUCAHHE MOIXOMA K HCCICJOBAHHUIO CJIOKHOCTHBIX XapaKTepH-
CTUK AJITOPATMOB IMOMCKA C IIOMOIILI0 MAaTeMAaTHIECKOr0 MOIeTNpOBaHus. B 3ama4un crenkyp-
ca BXOJHUT: BBECTH CTPOrYI0 MAaTEMATHYIECKYIO MOJE]b aJlOPUTMOB IIOUCKA, HAPABICHHYIO Ha,
HCCJIeIOBAHNE CPEJHEr0 BPEMEHH TOWCKA; OMUCATh CTPYKTYPHI JAHHBIX, UCIOIH3YEMbBIX B AJI-
rOpUTMax TMOUCKA; OMUCATH CBEPXOBICTPHIe B "cpegHem' aJirOpUTMBI pEIIeHnsT TeOMEeTPUIeCKUX
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3a/1a4 TIOUCKA, OTHOCSAIIUXCS K MHTEHCUBHO Pa3BUBAIOIIEMYCST B TIOCJIEIHUE TO/IbI HAIIPABJIEHUIO,
nosiyauBiiiemy Haspanue "Boraucanrenbnas reomerpus”|24]|. B oramane ot cnenkypcea B gaH-
HOIl KHHUTe MPAKTUYIECKN He HAILIN OTPAYKeHUs W3BECTHBIE AJITOPUTMBI U CTPYKTYPHI JTAHHBIX,
KOTOPBIE MOYKHO HaiiTh, Hapumep, B Kiaaccudeckux yuebnukax JI. Kuyra [23], Tx. Mapruna
[25], A. Axo, [Tx. Xomkpodra, Txk. Yibmana [3].

[TpuBeieM HEKOTOPBIE OTPE/IeIeHUs] U 0003HAUEHNS, HCIIOJIb3YeMble B JIAJIbHERIIEM U3JI07Ke-
HUH.

[Tycte M — HEKOTOPOE KOHeYHOe MHOXKeCTBO. Uepes |M| 0603HAUNM THCIIO 3JIEMEHTOB BO
MHOKecTBe M, Ha3bIBaeMOe MOUHOCm b0 MHOZKecTBA M.

Yepes {1, m} norosopumcs 06o3HaYaTH MHOKECTBO {1,2,...,m}.

Hekoropbie onieHKn Mbl OyieM MPUBOIUTH ¢ TOYHOCTHIO JIO TJIABHOTO YJIEHA, TIO9TOMY BBEJIEM
0003HaY€eHNsT, OOBIYHO MPUHSTHIE TPHU OMMCAHUN ACUMITTOTHYECKUX OIEHOK.

Bynem mucatsh a(n) = o(1), ecin Jim a(n) =0.

Bynem mucars A(n) = 6(B(n)), ecin A(n) = B(n) - o(1).

Ckaxkem, aro A(n) acumnmomuuecku we npesocxodum B(n) mpm n — 00 u 0003HA-
anM A S B, ecimu cymectByer a(n) = o(1) Takoe, 9T0 HadMHas ¢ HEKOTOPOTO HOMEpa Mg,
A(n) < (1+ «a(n)) - B(n).

Ecmu A S Bu B S A, To 6yJeM roBOpHUTb, 9T0 A 1 B acumnmomuuecku pasHs. IPA 1 — 00
n obozHadath A ~ B.

Bynem nucarb A S B, eciii cylecTByeT Takas MOJIOXKHTeIbHAs KOHCTAHTa ¢, 4TO, HaunHasl
¢ HEKOTOpOro HoMepa ng, A(n) < ¢ - B(n).

Ecru A = B u B = A, To GyzneMm ropopuTh, 9to A u B pasnv, no nopadky npu n — oo #
oboznauars A < B umn A = O(B).

Yepes (2) Oy/aeM 0003HAYATH YUCAO COMEMAHUT U3 N IAEMEHMOB Nno k.

JloroBopumMcst OlycKaTh 3HAYOK OCHOBAHWS 15T JIOraprudMOB 110 OCHOBAHUIO 2, TO €CTh Oy/1eM
UCIOIb30BaThL 0Oo3HaueHue log r Bmecto log, x.

Ecmu r — feiicrBuTebHOE uCI0, TO Yepe3 [r| Gygaem 0603HAYATH MAKCUMAJIBHOE TEI0e, He
peBbITIAoNIee T, a Yepe3 |r[ — MHUHUMATIBHOE IeJI0e, He MeHbIIee, 4eM T

B zaxmtouenne aBTop xores 061 Boipasuth O1arogapuocts B.B.Kynpssuesy u A.C.ITonkomsuny
3a momotisb B pabore, D.A.llpumenko nu A.C.CrporaoBy 3a neHHbie 3aMedanusi, a Takxke Poc-
cuiickomy GhOHIAY (DYHIAMEHTATBHBIX HCCTETOBAHUN 332 JACTUIHYIO (DUHAHCOBYIO MOIIEPKKY
(rpant 95-01-00597 "VccerenoBanue CJI0XKHOCTH aJrOPUTMOB mouCKa'").
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Nudopmanmonnblie ceTu Kak
MaTeMaThudecKas MOJdeJb aJIlTOPUTMOB
1oncka nHdoOpMann

1.1 Ilougarme mHdOPMAIIMOHHOI ceTn

B nacrositiee BpeMsi OfHUM U3 aKTyaJIbHEHITUX HAIpaB/JIeHUN pa3BUTUsI COBPEMEHHON MaTeMa-
THYECKON HAYKH ABISIIOTCA BOIIPOCHI MPOEKTUPOBAHUSA aBTOMATH3UPOBAHHBIX HMHQMOPMAIHOH-
HBIX cucTeM. [Ipudem mupokoe pacupocTpaHeHue MOy UnIa KOHIEenusa 6a3 JaHHbIX, COIIacHO
KOTOPO#l siipoM HH(MOPMAITMOHHONR CHCTEMBI CTAHOBATCA TaHHBIE, ONPEIETeHHBIM 00pa3oM Op-
raan3oBaHHbie. CTPYKTYPBhI OPraHU3AIUN JIAHHBIX HPH 3TOM BBIOUPAIOTCS B COOTBETCTBUU CO
MHOTUMU KpUTEPpUAMU, Cpean KOTOPLIX OJHUM M3 OCHOBHBIX ABJIACTCA BpeMsA IMOUCKaA I/IH(I)Op—
Maruu. M mosToMy BIOJTHE MOHSITHO TO BHUMAaHUE B JTUTEPAType, KOTOPOE MPOSBISIETCS K MPO-
6emam uHMOPMAIMOHHOTO ToucKa |2, 3, 23, 24, 25, 28, 29|. Cpeau 31ux paboT XOTeNI0CH ObI
BBIJIE/IUTH T, KOTOPbIE CBSI3aHbI C HCCIEJOBAHHEM BBIUHUCIUTETBHON CI0XKHOCTH aJrOPHTMOB
noucka nudopmarun. OcHOBHas Macca pabOT B 3TOM HalpaBJeHWH CBsi3aHa C Pa3pabOTKOit
HOBBIX SCI)CI)GKTI/IBHBIX AJITOPUTMOB MTOUCKa, HaXOAAIIUX MHOI'OYUCJICHHbBIEC ITPUJIOZKEHUA B pa3-
JIMYHBIX 00/1aCTAX, TAKUX, KAK MAITUHHOE POEKTHPOBaHKE, MallluHHas rpaduka, Oud/JIM0TeIHO-
nH(GOPMAIMOHHBIE CUCTEMbBI, POOOTOTEXHUKA, CHCTEMbI UCKYCCTBEHHOT'O MHTE/LIEKTa ¥ MHOTHX
apyrux [3, 23, 24, 27, 31, 35, 51, 57|. B arux paGorax ONEHUBAETCS CJIOKHOCTD TPe/TaraeMbIX
AJITOPUTMOB (9allle BCEro MOPSIIOK CJIOKHOCTH) M CPDABHUBAETCS CO CJOKHOCTHIO paHee paspa-
OOTaHHBIX AJTOPUTMOB. B psize pabor mcroBeayeTcst JAPyTroi MOAX0/I, CBA3aHHBII C BBEIEHU-
€M MaTeMaTHu4YeCKUuXxX MO,ZLe.HefI BbI‘IHCﬂeHHﬁ, HUCIOJIb3YyEeMbIX T'JIaBHBIM 06pa30M JJId TTOJIydeHund
HUYKHUX OIEHOK CJIOYKHOCTH Bhraucaenuii |3, 5, 10, 34, 50, 58|. Cpeau srux Mojeneit nanbosee
M3BECTHOMN SIBJISIETCS TaK HAa3biBaeMoe ajnrebpamdeckoe jepeBo Bbraucaennii Ben-Opa [34]. Kak
PA3HOBHUIHOCTD AJITeOPAmIecKOro JepeBa BBHIUUCICHNNH MOXKHO PacCMATPUBATh aaredpandecKkoe
nepeBo perrernii mopsizika d [58]. B ciyuae, korma d paBHo 1, mosydaercst JuHeiHOe Jepe-
BO peH.[eHPIﬁ, C HUCHOJIb30BaHHWEM KOTOPOT'O MOJIy4YeHBI J0Ka3aTe/JIbCTBa pPdJa HUXKHUX OIEHOK
caoxuocrnu [48, 49, 50, 59].

B nannoit pabore Tak:ke MpeiaraloTcd HEKHe MaTeMaTHdecKue MOJE]W BbIYUCIeHUH, HO
ecn Mojienb ben-Opa u apyrue npeaHa3HAvaIUCh 71 UCIOJTB30BAHUS B JIOBOJTHHO MIHPOKOM
KJIACCE BBIYHCJIUTENBHBIX TPOIeccoB (cM. [24]), To paccmarpuBaemMbie B HacTOsIIEH paboTe MO-
JIeNTA TIPeIHA3HAYAIOTC JIJI HCCIEI0BAHUS aJrOPUTMOB moncka madopMmamnun. Takas "y3kas
crienran3anus ' mpe/yraraeMbIX MOJIesIell T03BOJISIeT HAJIesIThCsl Ha, MOJIyUeHue Dojiee mHTepec-
HBIX PE3yJIbTaTOB, B YaCTHOCTH 60ﬂee TOYHBIX OIEHOK CJIOZKHOCTH.
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[Tpu pazpaborke MaTeMaTHIECKONR MOJIE/IN aJITOPUTMOB HH(MOPMAIMOHHOTO TTOUCKA B JTAHHON
paboTe UCIOIB3YIOTCS MPUHITUITH | AlAapAT TEOPUU YHPABJISIONINX CUCTEM W BBOJUTCS HOBBII
KJIACC YIPABJIONAX CUCTEM, TaK HA3bIBAEMBIX HWH(MOPMAIIMOHHBIX CETell ¢ MepeKTIouaTe T IMI
(UCII) (cm. [13, 15, 16, 17]). Takoe mauHHOE HA3BAHWE MOSBHIOCH MOTOMY, YTO HCTOPHIECKH
JAHHBIT KJIACC BO3HUK Kak 0000Ienue boJiee y3Koro kiaacca urndopmannonusix cereit [12]. Ho
B JIaHHO# paboTe nHMOPMAIMOHHBIE CeTH OY/yT BBOJMTHCI KaK YACTHBIN cydail nHdopmalim-
OHHBIX ceTell ¢ mepekJodaresnsiMu. B cBoto odepesih mHMOPMAIMOHHBIE CETH TOSBUINCH KaK
o6obIenne MHMOPMAIMOHHBIX JIEPEBHEB, BBEJIEHHBIX aBTOPOM B |5, 8].

[Ipe:x e uem BBOAUTSL manublii Kiaace VICII, dpopmannsyem morsTue 3amadn nHMOPMAITOH-
Horo noucka (3UIT). B paborax [2, 3, 24, 28, 29| BBoauuch pasmuunbie dhopmasuzanuu UIL,
HO MbI JaJIuM COOCTBEHHYIO (hopMaIn3alnio, 0ojee yI00HYIO JJIsi UCIIOJIb30BaHUS B Jla/IbHEH-
TmeM.

[Tycts mam gambr aBa muoxkectBa Y u X. IlepBoe MHOXKecTBO Y sBJISIeTCS MHOXKECTBOM
00beKTOB TONCKa. 13 3/IeMEHTOB 3TOT0 MHOYKECTBA COCTABISIOTCSA WH(MOPMAIIMOHHBIE MACCUBHI,
B KOTOPBIX MPOU3BOIUTCS TMOMCK HYKHBIX 00BEKTOB. DJIEMEHThI MHOYKECTBA Y Oy/1eM HA3bIBATH
sanucamu. Bropoe MHOKeCTBO X HA30BEM MHOMCECMBOM 3ANPOCO6, & €r0 SJTEMEHTHl — 3a-
npocamu. [Iycth Ha nekaproom mpoussejennn X X Y 3ajaHo OMHAPHOE OTHOIIEHUE P, TO €CTh
3a/1aH0 HeKkoe oamMHoKecTB0 R C X XY u xpy, ecan (x,y) € R. OTHomenue p 6yneM Ha3bBAThH
omuoweHuem noucka. B comepkaTeIbHOM CMBICIE ) OMUCHIBAET KPUTEPUH CEMAHTHIECKOTO CO-
OTBETCTBHUS 3AIMCH 3aMPOCY, U MBI OYIeM FOBOPHUTD, UTO 3aMUCh y € Y ydosiemeopaem 3ampocy
r € X, ecnn xpy.

Tpoiiky S = (X,Y,p), tme X — MHOXKECTBO 3alpOCOB, Y — MHOXKECTBO 3aIluCel, p —
OTHOIIIEHNE TTONCKa, 3aJaHHoe Ha X XY, OyaeM Ha3bhIBATh MUnom Win WHOTIa OoJiee pa3BepHYTO
— Munom 3a40a% UHPOPMAUUOHHO20 NOUCKA.

Tpoiiky I = (X, V, p), tae X — MHO)KecTBO 3ampocoB; V' — HEKOTOPOe KOHEYHOe MOJIMHOKE-
CTBO MHOXKECTBa Y, B JajbHETIIeM Ha3bIBaeMoOe OubAUOMEKOT; p — OTHOIIEHUE TTOUCKA, 33 IaH-
HOE Ha, X X Y,
oyaem HA3bIBATD 3adaver UHPOPMAYUOHHO20 noucKa (3U1T) THIIA
S = (X,Y,p) (nam 3UII, npunagiexameii tuny S, u obosnavars I € S). Byaem cuurars,
aro 3agada [ = (X, V) p) cocronT B nepednciaeHnn Jijisi TPOU3BOJIBHO B3ATOrO 3ampoca & € X
BCEX TeX W TOJILKO Tex 3amuceil u3 V' | KOTopble HaXOASITCS B OTHOIIEHUU p) C 3AMPOCOM X, TO
eCTh YJIOBIETBOPSIOT 3aMPOCY .

JLnst moTHOM OompeIe/IeHHOCTH OTMeTuM ofuH ¢akT. Becerna Oymem cuurarh, 9T0 B OHOIMO-
Teke V' Bce 37eMEeHTH PA3InIHbIe, TO eCTh HET MOBTOPSIONIAXCSA JEMEHTOB.

Ecmu f — omHoMecTHBII mpeaukar, onpejaesnenubiit Ha X | 1o ectb f: X — {0, 1}, To MHO-
xectBo Ny = {x € X : f(z) = 1} nasoBem zapakmepucmuveckum MHOHCECMEOM TPETAKATA
f.

Muozxkecrso O(y, p) = {x € X : zpy} nHazoBem menwio 3amucu y € Y.

Oynxuuio Xy, : X — {0,1} Takyio, uro N, = = O(y,p), nazosem wapaxmepucmuseckot
Pyrryuetd 3anucu y.

[Tycrs F' — MHOKECTBO CHMBOJIOB OJHOMECTHBIX HPEIUKATOB, OMpPEIeeHHBIX Ha MHOKECTBE
X , HasbIBaeMoe 6a30BBIM MHOKECTBOM IIPEIUKATOB.

[Tycrb G — MHOMKECTBO CHMBOJIOB OJHOMECTHBIX I€peKTIoUaTeseil, OnpeeleHHbIX Ha MHO-
xecte X. [log nepekjodaresisimu Oy/ieM MOHUMATH (DYHKIUU, 00J1aCTHIO 3HAYEHUN KOTOPBIX
SIBJISIOTCST KOHEUHBIE TIOMHOYKECTBA HATYPAJIBHOTO PSIJIA.

[Tapy F = (F,G) nazoBeMm 6a30BbIM MHOKECTBOM.

Ecmu n — narypambioe uncio, a g(x) — nekuit mepexmodaresn, To yepes &' (x) oboznatmm
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npeuKaT, onpeaeaeHubiit Ha X | Takoii, 9To
Nep = {r € X : g(x) = n}.

Ob6o3HaYnM

@:{ﬁg:gEG,nEN},

rae N — MHOZKECTBO HaTypaJIbHbBIX YUCEJI.

[Iyctb HAM HaHBI MHOXKECTBO 3alpocoB X, MHOXKECTBO 3amuceit Y u 6a30Boe MHOXKECTBO
F = (F,G). Oupenenenne nousrus VNCII, BBoAUMOE ¢ TOMOIIHIO 3TUX MHOXKECTB MOYKHO, pas3-
ouTh Ha JBa STana. Ha mepBom sralie packpbiBaeTcsi CTPYKTYpHAs (CXeMHast) 9acTh 9TOrO Mo-
HSTHS, Ha, BTOPOM — (DYHKIIMOHAIbHAS.

Onpenenenne VCII ¢ Touku 3peHud ee CTPYKTYPbI

[IycTth HAM JaHA OpHEHTHPOBAHHAS MHOTOIOJIOCHAS CETh.

Bergenum B Heit OMH TOJTIOC U HA30BEM €TI0 KOpHeM, a OCTAJTbHBIE MOJTI0CA HA30BEM AUCTbA-
M.

BoigeanM B ceTH HEKOTODBIE BEDIMHHBI W HA30BEM WX MOYKGMU Nepexstouenus (TToIoca
MOTYT OBITH TOUKAMU MEPEKTIOYCHHUS ).

Eciu 3 — Bepmuna ceTn, To 4epe3 t¢)g 0003HAUUM noAycmenend ucroda BepIIuHb 3 .

Kazkmoit Touke mepek/ouenus [ COMOCTABUM HeKHit cuMBOJ U3 (G, TaKOi, YTO MaKCHMATh-
HOe 3Ha4YeHUe IePeKIovaTelsd, COOTBETCTBYIONIErO 3TOMY CHMBOJY, HE IPEBBIMIAeT 1)3. JTO
COOTBETCTBUE HA30BEM HATPY3KOW TOUYEK MEPEKTIOTCHUS.

JIns Kaxk10it TOUKK HepekaioveHnsa [J pedpaM, U3 Hee UCXOIANINM, MOCTABUM BO B3aUMHO
OJTHO3HATHOE COOTBETCTBUE THC/IA W3 MHOXKeCTBa {1, 15}. DTu pebpa HA30BEM IEpEKTIOIATETb-
HBIMH, & 3TO COOTBETCTBUE — HATPY3KOi MepeKIIoYaTe IbHBIX pedep.

Pebpa, He gBistionuecs mepex/I09aTe IbHBIMA, HA30BEM NPeIUKAMHbLMU.

Kaxk oMy npeaukaTHomMy pedpy ceTu COMOCTABUM HEKOTOPBIN CHMBOJT U3 MHOXKeCTBa F. 910
COOTBETCTBUE HAB0BEM HaA2PY3KOU Npedukamuuir peoep.

ComocTaBuM KaxKJIOMY JIHCTY CEeTH HEKOTOPYIO 3aIUCh U3 MHOXKECTBa, Y. DTO COOTBETCTBHE
HA30BEM Ha2PY3KOT AUCTNDES.

[Toydennyio Harpy:KeHHYIO CeTh HA30BEM UHPOPMAUUOHHOT CEMbBIO C NEPERAIOUAMENAMU
maJ] 6a30BbIM MHOXKecTBOM F = (F, () .

Onpenenenne pyukimonuposanus VCII
[Tycts mam mama VCII U .
[TociemoBaTE ILHOCTH OPUEHTHPOBAHHBIX pedEp ceTn

(a1, 00), (ag,a3), ...y (@1, i)

HA30BEM OPUEHMUPOSAHHOT UENbI0 OT BEPITUHBI (1] K BEPITHHE (.

Ecmu ¢ — pebpo cern, To 4epes [c] 0603HAUNM ero HATPY3KY.

IIposodumocmuvio pebpa (v, f) HABOBEM TpeIUKAT, paBHbI [(a, §)], eciu pebpo mpeukaTHOE,
ué g(o"ﬁ)}, ec pebpo MepeK/II0YaTeIbHOe, TIe § — MePeKIIYaTe/lb, COOTBeTCTBY IO BePITHHe
a.

ITposodumocmubro opuermuposannot yenu Ha30BeM KOHbIOHKIINIO TPOBOIMMOCTENR pedep Ie-
IIH.

Ecin 3adukcupoBaTh 3a1poc¢ , TO Iellb, TPOBOIUMOCTL KOTOPOH Ha 3ampoce T pasHa 1,
HA30BEM Nposodaweli uensio Ha 3a1Ipoce .

B UCII no anaJjoruu ¢ KOHTAKTHBIMU CXeMaMK BBejeM JJId KarKJ0il napbl BepmuH o u 3
dyrryuro nposodumocmu  fag OT BepHIMHBI (v K BepIInHe 3 CAeLyOMNIM 00pa30M:
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e comma=/f,710 fop(z) =1 (v € X);
e ccu o # [ u B IICII He cymiecTByeT OpHeHTHPOBAHHBIX Iiemeii 0T « K 3, T0 fos(z) = 0;

e ecau o # [ M MHOXKECTBO OPHEHTHPOBAHHBLIX IeTeil oT « K (3 He mycTo, T0 fus(7) paBHO
JIU3BIOHKITUN TTPOBOIMMOCTENH BCEX OPUEHTHPOBAHHBIX Ilerei oT o K [3.

Oyukiuio mpopoanmoct oT Kopust VICIIT k nekoropoit eprmae 5 MCIT HazoBem gynxyued
¢usvmpa BepumHLL 5 1 0003HAUNM ().

Yepes R(U),P(U), L(U) (mwmu npocro R, P, L) 0603Ha4NM MHOKECTBA BEPIINH, TOYEK Ie-
PeKJII0OYeHud 1 JINCThEB CEeTU U COOTBETCTBEHHO.

[Tycts N — HekoTopas mojcerh (TO eCTh MPOM3BOILHOE MOJAMHOKECTBO BEPIIMH U pebep)
VCII U. Yepes (N) 0603HAUMM MHOKECTBO 3amuUCeil, COOTBETCTBYIOIINX JIUCTHAM 3TON MOJI-
ceT (B YACTHOCTH, €CJIM (« — HEKOTOpHIi Juct cetu U, To mox (o) Oymem MOHMUMATH 3aluCh,
COOTBETCTBYIOIILYIO JINCTY (V).

Byaem rosoputs, uro UCII U peammsyer dyrkmmo J : X — 2Y, maszsiBaemyio gynxyuet
omsema cetn U v OUPEEIseMyI0 COOTHONIEHUEM:

J (@) = {ae LU) : pa(z) = 1}).

[Torstre VICIT moHOCTHIO ONpeIeIeHo.

B cayuae, korga 6a30Boe MHOYKECTBO Tepek/ovaresneii G 1mycro, To ecTh B CeTsaX HET IIe-
pexkmoaaresneii, To CIT naspBaiores un@opmayuonmuvmu cemamu ¢ 0YoAupo6aHuem AUCMbES
(UCH). Tonusitme MCJI xponosormuecku npezmecrBoBasio noustuio VICIT u 6bto Brepsbie
omybsinkoBano B [13].

NC/I, pasJIn9HbIM JHCTHAM KOTOPOI COOTBETCTBYIOT Pa3/IWYHBbIC 3allUCH, HA3BIBACTCS UH-
dopmayuonnoti cemwio (MC). 1o nousitue Brepsbie BeeaeHo B [10|. Boaee gocrynubivin nsna-
HusiMu siptsiiorest 11, 12.

HC, rpad KOTOpOii ABIACTCA AEPEBOM, a JIMCThS COBNAIAIOT ¢ BUCIIYUMU BEPITUHAMHA Jepe-
Ba, HA30BeM uHopmaruonnvm depesom (M1]1).

Brepsbie nousitue V1 6b110 omybankoBano B paborax [5, 7, 6, 8, 9.

]I y1o6HBI 1 MHTEPECHBI TeM, YTO CTPYKTYPHI JTAHHBIX, M COOTBETCTBYIONINE, MPAKTHIHBI
1 WX rOpas3zio mpolne peaan3oBarh Ha YBM.

1.2 HeobxoamMoe 1M JOCTATOYHOE YCJOBUE JOMYCTUMOCTH
MH(MOPMAITNOHHBIX CceTell

[Tycts mam mana SUIL I = (X, V, p).

Ckazkewm, uro VCIT U paspewaem 3UIT I = (X, V, p), ecam mist sioboro 3ampoca © € X
OTBET Ha STOT 3AIPpOC COACPXKUT BCE T€ W TOJLKO T€ 3alUCH U3 V, KOTOPBIE YIOBICTBOPIIOT
3aIpoCy T, TO eCTh

J(x) ={y €V :zpy}.

NCII U, paspematontyto SUIT I, 6yaem takke HazbiBaTh donycmumot s 3agaqan 1.

[Tycts U — uekoropas VUCII, y — 3anuck u3 Y. Yepes Ly (y) 0603HAYNM MHOYKECTBO JIUCTHEB
cetu U, KOTOPBIM COOTBETCTBYET 3AIIUCH Y.

CrpaBeinBa, cjieIyIomiasi TeopemMa.
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Teopema 1 HCII U paspewaem BUIT I = (X, V, p) moeda u moavko mozada, kozda das 10600
sanucu y € V, makod, wmo O(y, p) # 0, cnpasedaueo Ly(y) 0 u \/  @a = Xy,p, @ 021 210-

acLy(y)
bo1i 3aNuUcy
y € V, maxoti, wmo O(y, p) = 0, cnpasedauso aubo Ly (y) =0, aubo \/ ¢ =0.
acLy(y)

Zlokaszameavcmeo. J1ocTaTOIHOCTD.

Bosbmem npoussBosibHbIil 3anpoc r € X.

Bosbmem npoussosbHyio 3ammch y € V.

Ecom O(y, p) = 0 u, ciepoarensuo, x ¢ O(y, p), T0 1o npeanonoxernto oo Ly (y) = 0,
m6o \/ ¢, =0. Orkyna creayer, uro y € J(z).

€Ly (y)
Tenepn pacemorpum ciyuait, koraa O(y, p) # 0.

Ecnu zpy, T0 Xy,(x) =1, 1 COIIACHO MPEIIOI0KEHIIO

\/ Yalz) = 1.

a€Ly(y)

OTkyna  caemyer, 49TO  CyIIECTBYeT  JIACT € L(U)  Takoii, 4TO
vao(z) = 1. CnepoBarensuo, y € J(x).
Ecmm z € O(y, p), 10 Xy,p(z) = 0, n cormacuo mpeanonoxenno  \/  po(z) = 0. Orkyza
a€Ly(y)
caenyer, aro y ¢ J(z).
Takum 06pa3oM, MBI TOKA3AJIHU, ITO

J(x) ={y €V :zpy}

n TEM CaMbIM JO0Ka3aJnd JOCTaTOYHOCTD.

HeobxoagumMmocTs.

Bo3bMeM npon3BoabHYIO 3aIuch y € V.

Ecmm O(y,p) = 0 wu, cremosarensuo, aag mioboro 3ampoca 1z € X
x & O(y, p), 3uaunt, aua moboro x € X y ¢ J(z). Orkyna caemyer, uro 6o Ly(y) = ()
Jub0 \/ Yo = 0.

a€Ly (y)
Tenepn pacemorpum caydail, koraa O(y, p) # .

Hpe,ZLHO.HO)KI/IM, qTO JJIA ,Z[&HHOI‘/'I 3alliCh Y HE BBIIMOJHAIOTCA IPEeaInoJIOZKeHud TeoOpeMbl, TO

)

ecTh CYIIECTBYeT TaKOil 3a1poc T, 9TO

\/ Pa(T) # Xyp(T)-

acLy(y)

Ho 3710 o03Havaer, 4rT0 Yy NPHHAJIEKUT B TOYHOCTH OJHOMY W3 MHOXKecTB J(T) wiam

{y € V:zpy}.
CrenoBaTeTbHO, P 9TOM &

J(x) #{y € V : zpy},

u, suaunt, VICII U ne paspemaer 3UIT 1.

Tem caMbIM TeopeMa JOKa3aHa.

[To cyru Teopema 1 roopur, uto eciu Ham gana SUIL I = (X, V) p) u MBI XOTUM TOCTPOUTH
ceTb, pasperratonyio 31y 3SUII, MBI J0MKHBI MOCTPOUTH MHOTOMOTIOCHUK, KOTOPBIH MeZKIy
KOPHEM ¥ OCTaJIbHBIMHU ITI0JIIOCAMU PeaIu3yeT Kak (byHKIUH IIPOBOJIUMOCTU BCe MYHKIUU Xy ),
riey € V.
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n Y2 Yk

Xy1.p Xy2,p Xyk.p

Puc. 1.1: Nadopmanuonnas ceTh mepedOPHOTro aaropuTMa

1.3 K Bompocy o moJjHoTe IJjig MH(PpOPMAaIMNOHHBIX ceTeil

Ecmu wam nana 3UIL I = (X, V, p) u 6a3oBoe MuoxectBo F = (F,(G), T0 BO3HUKAET BOIPOC,
a MOXKHO JIX OCTPOUTH MH(MOPMAIMOHHYIO CeTh HaJ 0a30BBIM MHOKECTBOM JF, Pa3peIraionyo
sty 3amady 7?7 Ecmm mna moboit 3amucu y; € Vo= {y1,..., Yk} Xyp € F, TO OTBeT HA 3TOT
BOIIPOC TMOJIOYKUTEIbHBII, U CeTh, n300paykenHas Ha pucynke 1.1, paspemraer 3amzaqy .

B nannom paszene maercst 6oJiee MOJIHBIH OTBET Ha 3TOT BOIPOC.

[Tycrs wam gan tun S = (XY, p), tae X — MHOKECTBO 3alPOCOB, Y — MHOYKECTBO 3aIuCei,
p — OTHOIIIeHHE MONCKa, 3anannoe Ha X X Y, u 6azoBoe muoxkectso F = (F, G).

Ckazkem, uto 6a30Boe MHOKecTBO F noano piag tuna S = (X, Y, p), ecau mus mo6oit 3UTT
I = (X,V,p) tuna S cymecryer NCIT U nan 6a3oBbiM MHO)KecTBOM F, paspemtatoriasi 3UTT
I

CrpapeJiuB CIeAYIONMMA pe3yIbTaT, OTHOCAIicH K npobseme moauorsl ayig CIL.

Teopema 2 ITycmo 3adanv. mrosicecmea 3anpocoé X, zanucetd Y u omuowenue noucka p ma
X X Y. Tozda basoeoe MHOIHCECTNEO
F = (F,G) b6ydem noanvim oaa muna S = (X, Y, p) mozda u moavko mozda, xo2da oz 11060
sanucu y € Y maxot, wmo O(y, p) # 0, dynryuro x,,(x) moocro npedcmasumso dopmy.aot

suda
n m;

Xyn(T) = \/ /\ fij(x),

i=1j=1
2de fij € FuU é

Zlokaszameavcmeso. J1ocTaTOIHOCTD.

[Tycrs HaM JlaHa, IPOU3BOJIbHAST SUII I = (X,V,p), e
V =Ay1,...,yx} C Y. Ilo npexnonoxkenuio Kaxayo u3 GbyHKIHI Xy, () (I =
HO TIpeJICTaBUTH (HOPMYJIOit

np mp;

Xpo(®) =\ N\ fuj(2),
i=1j=1
rie flij e FUG, I =1,k.

NCII, paspemaromtyio SUII I, 6ymem cTpouTh CIEAYIOMAM 00PA30M.

Cuauasia BozbMeM k + 1 BepriumHy u 00bSIBUM OJHY W3 HUX KOPHEM, & OCTAJIbHBIE O0bSIBIM
JINCTHSIMHU M MBICJIEHHO NepeHyMepyeM, HauuHas ¢ 1 710 k.

Barem juis kaxkaoro | € {1, k} mpomenaem cieyromiee.

[Mpunurmrem [-My ety (0603HAYUM €ro0 (v;) 3alUCh Y.

Ecom O(y;, p) # (), To npoBesem u3 KOpHs B JIMCT (y 1y OPUEHTHPOBAHHBIX HEMei, mpuaem
i-s1 enb (1 = 1, n) Gyzmer cocrosath U3 my; pebdep. Teneps auist kaxkaoro ¢ (i € {1,n}) npogenaem
caexytomee. Ecau fi;; € F, T0o j-e pebpo i-if nenn oObIBUM TPEINKATHBIM W MTPUIHIIEM eMy
npeaukat fi;;. Ecmu f;; € G (1o ects fi; = £, rneg € G,an € N), To Bepruny /3, U3 KOTOPOIi
HCXOIUT j-e peOpo i-il menn, oObIABUM IIEePeKII0YaATeLHON IPUIINIIEM €l IepeKIodaTeIhb ¢, j-
My pebpy i-ii IenH NpHUIMIIeM YUCJIO 7, U3 BePIIHHBI [ BBIIYCTHM eme r — 1 pebpo, Toe r —
MOIIHOCTH O6/IACTH 3HAYEHUI MePeKJTIOYaTes ¢, U COMOCTABAM UM B3aMMHO OJHO3HATHO THCJIA,
u3 muoxecrsa {1,r} \ {n}.
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Herpyano Busiers, 9To B 3TOM Cilydae

np mp;

Ca () =\ N Jfiij(2) = Xxyp(2).

i=1j=1

[ToCKOJIbKY 9TO YCJIOBUE BBIMIOJHSIETCS JIJIsI BCEX JIUCTHEB, TO COMJIACHO Teopeme 1 mocTpoeH-
nas VICIT paspermaer S3UIT 1.

HeobxoaumMmocTs.

[Iycts F nonno gjs orHotnenus p. Bo3zbMem Hmpou3BOIBbHYIO 3amuch y € Y Takyio, 4TO
O(y, p) # 0. Ilycts V' — mobas GubInoTeKA, COMEpKAIAsT 3AMUCH .

Taxk xak F  momno, 710  cymectByer WCII U, pa3pemaromas  SUII
I = (X,V,p). Paccmorpum muO)KecTBO Liy(y) smmctheB cetn U, KOTOPBIM COOTBETCTBYET 3a-
nuch y. Tak Kak U paspemraer 3amady [, To cormacHo Teopeme 1

\/ Pa(T) = Xy,(T).

a€Ly(y)

A rmak kak KaxJaag u3 QYHKIWMHE ©(2) ecThb DYHKIMS MPOBOAUMOCTH OT KOPHS K JIHCTY (v, a
(GYHKIHS TPOBOIUMOCTH TI0 ONPEIEeIeHHIO eCTh IU3BIOHKINS KOHBIOHKINI HEKOTOPBIX IIPe IH-
kaTtoB u3 F' U G, TO HEOOXOIUMOCTh J0Ka3aHa, IYTO U JIOKA3bIBAET TEOPEMY.

1.4 Ilousgarue caoxkHocTu MH(POPMAIIMOHHBIX ceTeii

Kaxkmoit UCIT U moxkHO conoctaBuTh Hekuii ajaroputM. [Ipeamosaraercst, 9To 3TOT aJIrOPUTM
xpaHuT B cBoeii (BHemHeit) mamstu crpykrypy VCIT U. BxogHbiMu JTaHHBIMI aJTOPUTMA SIB-
JISIeTCS 3aIPOC. BBIXOTHBIMU JTAHHBIME SIBJISETCS MHOYKECTBO 3aITHCeil.

OmutiiemM 3TOT aJTrOPUTM.

[Tycts HA BXOJ, aaropuT™a MOCTYOUI 3ampoc x. PaboTy aaroputva HaumHaeM U3 KODHS Ce-
i U, 0ObsIBIIsISI €10 eIMHCTBEHHON TeKyIeil BepimnHoii mepBoro mara. O0bsBIsieM TeKyIIM
maromM nepsbiii mar. [IpocmarpuBaem 1Mo odepe/in TEKyIue BepIIMHBbI TEKYIIero Iara. Fcim
TEKyIasi BePIIMHA €CTh TOYKA IMEePEeK/JI0YeHUs, TO BbIYUC/ISIEM Ha 3aIpoce T MepPeKJII0YaTe/lb,
COOTBETCTBYIONINI TAHHON BepIIuHe, U 00bABIIeM KOHEI| pedpa, UCXO/AIIEero u3 TeKyIeil Bep-
IITIHBI, HArPY3Ka KOTOPOT'O paBHA 3HAYEHUIO MEePEKTI0UATEs, TeKYIIeil BePITUHO CIeLyIoNero
ara, ecJii TOJIbKO 9Ta BEPINHA He ObljIa TeKyIIei Ha MpeablIynux marax. Ecan Tekymas Bep-
IUHA He SBJISeTCS TOYKOM MepeK/JI0ueHns, TO IMPOCMATPUBAEM 10 OYePEeIn HCXOSIINe U3 Hee
pebpa 1 BBIYHC/ISIEM 3HAYEHUS PEUKATOB, TPUITUCAHHBIX STHUM pedpam, Ha 3ampoce r. KoHip
pebep, KOTOPBIM COOTBETCTBYIOT MPEIUKATHI CO 3HAYEHUIME, PABHBIMHU 1, OOBIABIAEM TeKY-
IIIIMU BePITHHAME CJIEIYIONIETO MIara, eCau TOJbKO Ha MPEILIAYIINX MaraxX 9TH BEPITHHBI He
OOBSABJISLTCH TEKYIIUMHI. 3aTeM MePexXonM K CJIeIYIONIeMy IMary, Ha KOTOPOM JaHHAsT MPOIe-
Jlypa MOBTOPSIETCS JIJIsT BCEX TEKYIIUX BEPIIUH OYePE/IHOro Iara. depe3 HeKOTOpoe KOJIUYeCTBO
IIaroB MbI MOTIAJ/IEM BO BCe BepINHbI, (DyHKINKM (pUIHTPOB KOTOPHIX paBHbI 1 Ha 3ampoce x. Ec-
JIN CPeJIM ITUX BEpIIUH eCThb JUCTbS, TO 3AMUCH, COOTBETCTBYIONIHE 3THM JIUCTHIM, BKIIOYAEM
B BLIXO/IHBIE JaHHble anroputMa. Ocrtaercd 3ametutsh, uto eciu VICII paspemaer 3amaay I, To
MHOZKECTBO, MOJYYeHHOEe HA BBIXOJE aJIrOpUTMa, OYJIeT COAEep:KaTh BCE Te W TOJBHKO Te 3allH-
cn 6ubamorekn (U), KOTOpBIE YIAOBIETBOPSIOT 3aMpocy . T.e. MOJydeHHbIH aIropuT™ permaer
BUIT I = (X, V, p), tne V = (U), u, 3HaINUT, ABJISETCS AITOPHUTMOM MOMCKA.

Takum obpazom, NCII kak ymnpaBisdioniasg CUCTeMa MOXKET pacCMAaTPUBATHCS KaK MOJIE/b
aJITOPUTMA MOUCKA, PabOTAIONIEro HaJI JJAaHHBIMUA, OPraHUu30BAHHBIMUA B CTPYKTYPY, Olpejesse-
myto crpykrypoit NCII.
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Omnpenennm nousitue ciaokuoctu VICIT ma 3ampoce.

Bynewm canrtars, 9T0 Bpemst BeIauc,/1eHus JTIFOO0TO mepekTrodare s n3 G IpUMepHO OJJMHAKOBO
U XapaKTepu3yeTcs YHCJIOM ¢, a BpeMsl BBIUUCICHUA JTI0O0OTO TpeaukaTa u3 F' — quciaom b.

[Tycts mam mana mexas VICII U u mpousBoibHO B3gThId 3ampoc x € X. Ilycrs A — ompe-
JIeJIEHHBIN paHee ajroputw, comnoctaiaeHubiit NCIT U.

Caooterocmovto UCIT U wa 3anpoce x wazoem uunciao T(U, x), paBHOE KOJIUIECTBY TT€PEKITIO-
qaTeseil, BBIYUCIeHHBIX aJIropuTMoM A mpu mogade Ha ero BXOJ, 3alIpoca T, YMHOKEHHOE Ha, d,
ILTIOC KOJIMIECTBO BBIYHMC/IEHHBIX MPEJIUKATOB, YMHOXKEHHOe Ha b, TO eCThb

TU,z)=a-Y @sx)+b- > vs-ps()

BEP BER\P

Bennunua T'(U, z) xapakTepusyer BpeMsi pabOThI aJropur™a A mpu mojgade Ha €ro BXOJ
3ampoca .

Cnoxuaocts VCIT MOKHO BBOAUTDH MO-PA3HOMY, HAIIPUMEDP KaK MAKCHMAJBHYIO CJIOZKHOCTD
Ha 3ampoce, KaK OOBIYHO W JIeJIAeTCsI, HO B JAHHOI padoTe Mbl BBegeM nousaTue ciaoxkuoctr MCIT
Kak cpennee 3uadenne ciaoxkuoctu VICII Ha 3ampoce, B3sgTOe M0 MHOXKECTBY Bcex 3ampocoB. C
9TO TIe/TBI0 BBEJIEM BEPOSTHOCTHOE ITPOCTPAHCTBO HAJl MHOYKECTBOM 3aIIpPocoB X, MO KOTOPBIM
oyznem nornmarh Tpoiiky (X, o, P), rie o — Hekoropast airebpa MOAMHOKECTB MHOKeCTBa, X ,
P — BeposiTHOCTHAs1 Mepa Ha 0, TO eCTh aJIMTHBHAsI Mepa, Takasi, 4o P(X) = 1.

B cBsa3u ¢ Tem, 9TO MBI BBEIUM BEPOSATHOCTHOE IMPOCTPAHCTBO HAJI MHOYKECTBOM 3aIlPOCOB,
YTOYHUM MOHATHE THIA. A UMEHHO, IO munom OyaeM oHuMarh Tpoiiky S = (XY p), cuuras,
YTO MHOXKECTBO 3alpocoB X paccMaTPUBAECTCA BMECTE CO CBOMM BEPOSTHOCTHBIM ITPOCTPAH-
crBoM (X, 0, P). B Tex ke ciydasix, KOrja Mbl XOTHM SIBHO BBIJIEJIUTH PACCMATPHBAEMOE BepO-
SITHOCTHOE MPOCTPAHCTBO Haj X, Mbl OyzeM mpescraBisaTh Tun narepkoit S = (XY, p, o, P).

CrpaBeinBa, CJIeIyIOIast JeMMA.

Jlemma 1 Ecau anzebpa o codeporcum ece MHOIHCECTNEA Ny, 2de
f € FUG, mo dasn moboti HCIT U nad 6aszosvim mmoscecmeom F = (F,G) dynryua T (U, x)
KaK GUHKUUA 0OM T ABAAEMCA CAYUATHOT BEAUNUHOT.

oxazameavcmeo. Ham neobxommmo mokasarh, uro aas joboit VICIT U nan 6a30BBIM MHOMKE-
crBoM F 1 1000r0 AEfiCTBUTEILHOIO UHCIa, I MHOMKECTBO

{reX:T{Ux)<r}eo.

[oxaxewm, uro (8 € R(U)) — (N, € o).

[Tycts € R(U). Ilycrs Cs — MHOXKECTBO BCEX OPHEHTHPOBAHHLIX Iereii cern U, Bemymumx
u3 kKopHst B Beprmuny (3. [Iyctb C' — Hekoropas Ienb, a ¢ — HeKoropoe pebpo. Hepes 6(c)
0003HAYNM [IPOBOIUMOCTEL pedpa c.

Herpyano Bumern, uro

o=\ N0

CeCy ceC

Yunrsisas, 4T0 Nyyg = Ny U Ny, Nyyg = Ny N Ny, umeem

Ny = U ﬂ No(e) € 0.
CECy ceC

Bsenem cienyiomiee obo3nadeHue:

M, ={BCRWU): {BAP}H+ S ws<r}

BEB\P
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Torna, kKak HETPYIHO BUIETD,

freX: T2 <r}= U (N NN N (X\N,)) €0

BeM, peB BER\B

Tem camMbIM JIeMMa JOKa3aHa.

Jagee Bcrogy Oyjem mpejroaratb, YTO Mbl HAXOAUMCSI B YCJIAOBUAX JIEMMbI 1.

Cnoocnocmovro UCIT U nazoBeM maremarnueckoe oxupanue Bennunusl T(U,x), To ecTb
THCTIO0

TU)=M,T(U,x).
Ecmu (5, «) — pebpo UCII, To caoscrhocmovio 5mozo pebpa HA30BEM THCIIO
e b-P(N,,) — ecim (f,) — mpeaukaThoe pedpo;
e a-P(N,,)/1s — ecim 310 pebpo mepexoTaTeIbHOE.

Ecmu f — sepumna UCII, To wucio P(N,,) nasosem caoocnocmoto eepuiums. 3.
Herpymuo nokazars, aro ciaoxuocts VICIT pasaa cymme cioxuocteit pedbep VCIL. B camom

nere
TW) = M, T(U,x):/XT(U,m)P(dx):

= [0 T s-s(e) +a- Y pp(a))Pldn) =

BER\P BeP

= b ¥ 0 [ a@Pn) +a- Y [ pplaPlds) =

BER\P BeP

= b- > YgP(Ny,)+a-d P(Ny,).

BER\P BEP

Jlaee Bcrogy OyaeM mpeanoaratb, 9to a = b = 1.

[Tycts nam mana VCIT U.

Obsemom Q(U) VICIT U nazosem unciio pebep B cern U.

B kauectrBe npumMepa MbI MOYKEM TOJICIUTATH CJI0XKHOCTH ceTr U, m300parkeHHOI Ha, PUCYHKE
1.1. Jlerko Buzersb, uro Q(U) =k u T(U) = k, T0 ecTh 06beM ceTH MHUHHMAJIBLHO BO3MOZKHBIIA,
a BpeMsI MaKCHMAJbHOE. DTO U He YAUBUTETbHO, TaK Kak ceTh U COOTBETCTBYET mepebOPHOMY
AJTOPUTMY TTOHCKA.

[Tycts mam mana wekast SUIL I.Caoorcnocmoro 3adauu I npu 6asosom mmootcecmsee F u
3adanrom obseme ¢ HA30BEM UHCJIO

T(I,F,q)=inf{T(U): U eceU(l,F)uQU) < q},

rie U(I, F) — muoxkectso Beex VICTI uax 6a3oBbiM MHOXKecTBOM JF, paspemtatormux SUIT 1.

Yucao
T, F)=if{TWU):UecU(I,F)}

HA30BEM ca0xcHocmblo 3adavwyu I npu baszosom mmoocecmee F.

Ecmau cymecrsyer takass UCIT U € U(I, F), aro T(U) =T (I, F), ro UCII U 6ynem Hasbi-
BaTb onmumaavrot maa SUIT 1.

Cxkazkem, uro Hekas Bepmuna UCIT docmuotcuma us xoprs Wi IpocTo docmuncumas, eCId
dyuKIEa GUIbTpa 3TOH BEpIIHHLI He paBHA TOXKIECTBEHHOMY HYJI0, B IPOTUBHOM CJIydae
BEPIIUHY HA3BIBAEM HeJOCMUHNCUMOT.

Ckaxkem, aro pebpo VCII necyusecmesentoe, ecim BBITIOJIHSAETCS XOTS ObI OJTHO U3 CJIEIYTO-
IAX YCJIOBUH



18 HNudopmanmonansre cern

® OHO MCXOJUT W3 HeJOCTHU KUMOW BEPITUHBI,
® OHO ABJISETCA MPEJMKATHBIM M BXOIAUT B KOPEHb WM B HEJOCTUKUMYIO BEPIIUHY,

® OHO SIBJISIETCS MEPEKJI0YATe/JIbHBIM U YHCJIO, MPUIUCAHHOE 3TOMY pebpy, OoJibie Mak-
CUMaJIBHOTO BO3MOZKHOTI'O 3HaUeEHUIA HGpGKJIIO‘I&TGJIH, COOTBeTCTBYIOIlLeFO H&‘I&Hy 9TOTO
pebpa,

® HAYaJ0 W KOHel pedpa COBIAIAOT.

B mporuBHOM Ciiydae peOpO HA3BIBAEM CYULECTEEHHDBLM.

JIerko 3aMeTuTh, 9TO yIAAJIeHHe HECYIIECTBEHHBIX pedep W3 ceTH He m3MeHsieT (OYHKIHO-
HUPOBaHUA CETHU U HE yBEJIMYUBaAET €€ CJIO2KHOCTD. HOSTOMy BCer/Ja B ,Z[aJ[bHele[eM MbI 6y,ZLeM
pacemarpuBaTh VICII ¢ ToUHOCTBIO 0 HECYIIECTBEHHBIX pebep, a TouHee OYIeM CUUTaTh, 9TO
Bce pedbpa B ICII — cyrmecTBeHHbBIE.

Teopema 3 (0 CymiecTBOBaHUM ONTHUMAJLHBIX cereil) [Iyems S = (X,Y, p,0,P) — ma-
K0T mun, 4mo MHONHCeCm80 3anpocos X KOHEeUHO, 0 — MHONCECMB0 6cex noommoxcecme X,
P — maxasa sepoammnocmmasn mepa, wmo dasn awbozo B C X P(B) > 0. Tozda, ecau 6azosoe
mnooicecmeo F = (F,G) noano dan muna S u mmosceemeo F U G konewrno, mo s a060i
SUIT T muna S cywecmsyem onmumanvras UCII.

Zoxazameavcmeo. Boszbmewm npousposbayio SUIT I tuna S. TTockonbky F moHO Jj1st THIA S,
to cymectByer VICII Uy naa 6a3oBeiM MHOXKecTBOM JF, pazpematormmas 3UII 1. OgeBuano, aTo

TI,F)=inf{T(U):UeU(,F)}=nf{TU):Uecl},

tneld ={U e U(I,F):TU) <TUy)}.

JLns mokazaTebCcTBa CyIIecTBOBaHUs onTuMaibHoil cetn jqyig 3UII I mam gocTtaTodno mo-
Ka3aTh KOHEYHOCTh MHOXKecTBa U'.

[Iycts |F'UG| = n. [lyctb M — MHOKeCTBO BCEX OTIMIHBIX OT TOXKJIECTBEHHOTO HYJISI IPE-
JINKATOB, TOJyYeHHBIX W3 MPeINKATOB MHOXKecTBa F'U (G ¢ TIOMOIIBIO ONeparuii KOHbIOHKIIHH

2”1 .
u guzbionknun. [ousrro, aro |[M| < 2%, Ilycrs min P(Ny) = r. CoracHo yC/JI0BHIO T€OPEMBbI
eM

r > 0. I[Iyctb m — makcuMmaJIbHO BO3MOXKHOe 3HadeHue mepeksodaresneit n3 G. [lockoabky
g moboit CIT nax F dysKIun GUILTPOB BEPIINH, U3 KOTOPBIX UCXOAAT KaKue-T1u0b0 ped-
pa, IpUHATeKAT MHOXKECTBY M, TO CIOXKHOCTD JIIOOOr0 MPEInKATHOrO pedpa ceTu Hax F He
MeHbIIIe, YeM 7, a CJIOKHOCTH JIIOOOTO TMePeKTI0UATebHOr0 pebpa He MeHblne, yeM r/m. Or-
cioga B so6oit ICIT n3 muoxecrsa U’ wmciio pedep e Goubie, wem T'(Uy) - m/r. Iockoabky
13 KOHeTHOCTH MHOkecTBa F'U G cileiyeT KOHeTHOCTh YMC/Ia PA3IHIHBIX HATPY30K CeTeil, To,
3HAYHUT, MHOXKECTBO U' KoHedHOe.
YTo m 10Ka3bIBAET TEOpPEMY.

1.5 TpuBuanbHad HUXKHSISA OII€HKA

[Iycts HaM JaHBI MPOU3BOJIbHBIE MHOXKECTBa 3alpocoB X, 3amuceil Y m oTHOIIEHWE TOWCKA p
Ha X X Y. [Ipuvem Ha MHOXKECTBE 3alpPOCOB 3aJ]aHO BEPOATHOCTHOE TpocTpancTBo (X, o, P).
Crenyromiuii pe3yIbTaT, Ha3bIBAEMBII TPUBHAJIBHOI HUKHEIl OIEHKOI, ClpaBeITHB /sl 000
SUIT npu MuHUMAJBHBIX OrpaHudeHusx. CMBICT 9TOTO Pe3ysbTaTa 3aK/JII0YAeTCS B TOM, UTO
BpeMsl TIOUCKA HEe MOXKeT ObITh MEHbIIIe, YeM BpeMsi, He0OXO[IMMOe Ha IepedrcaeHne OTBeTa.
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Teopema 4 (TpuBmanbHasg HuUXKHAA oneHka) [Tycmo [ = (X, V| p) — npoussosvran 3UII,

F — 6a3060e MmHoscecmeo, YIoGACMEOPAIOUELE YCAOBUIO AEMMBL 1, MAK0e, Mo MHONCECTNGO
UL, F) # 0, moeda

T(I,F)>> P(O(y,p)).

yev

Zoxazameavcmeo. Bozbmem npousBonbayio WCIT U, paszpematormyo 3amgady /. Takag cerb
cymecryer, Tak kak U (I, F) # ().

Bosbmem mpousBosbablil 3anpoc x € X. Tak kak cerb U paspemraer 3UII I, To orBeT Ha
3a1poc T

J(x)={y €V :zpy}.

BosbMeM mpou3BoibHYIO 3anuch y € J (). IIoCKOIbKY 3auch y TONaIa B OTBET, TO, 3HATUT,
B ceru U CyIIECTBYET HEKWii JINCT (v, KOTOPOMY TIPUIUCAHA 3AMKUCh i U TAKOM, 4T0 4 (1) = 1.
A mak Kak ¢o(r) = 1 u Tak Kak HUKAKOI JIMCT HE COBIAJAET C KOPHEM, TO CYIIECTBYET IIellb,
BeJIyIIasi U3 KOPHS B JINCT (v, MPOBOJMMOCTH KOTOPOil paBHa 1, u B 3TOi 1menu ecth pebpo, Be-
JIyIiee B (v, ¢ MPOBOAUMOCTHIO 1. DT0O pedpo Ha30BeM MPOBOAAIUM pedbpom 3amnucu y. [lousTHO,
YTO Pa3HBIM 3amUCAM U3 J COOTBETCTBYIOT Da3Hble MPOBOJMAIINE pedpa, TaK KaK ITH pedpa
BeJIyT B pasHble JUCThd. Ecan mpoBojgdiee pedpo 3aMUCh MpeIuKATHOe, TPEIUKAT, MPUITACAH-
HBIT TIPOBOsAIIEMY pebpy, 00s13aTeTbHO OBLT BBIYUC/IEH TEPEeJ TeM, KaK MbI MMONAJd B JINCT.
Eciim npoBojisitiiee pebpo 3almcu nepek/aiovareJibHoe, TO 00sd3aTe/IbHO OblJI BBIYUC/IECH Tepe-
KJII0YaTeIh, NPUINCAHHBIN BepIInHe, N3 KOTOPOil mcxoauT mpoBojsiiee pebpo. [Ipuaem taxme
nepeKJTIovaTen I Pa3HbIX 3anuceit u3 J OyayT pa3HbIMU, TaK KaK TOJBKO OJHO U3 Hepe-
KJTI0YATETHHBIX pebep, UCXOMANIX U3 OHOI BEPIIHHBI, MOYKET UMeTh MPOBOIUMOCTD, PABHYIO
1. Takum obpa3om Kazk1oi 3anucu u3 J MOXKHO COTOCTAaBUTH MEPEKJII0YaATe/h WM ITPeInKaT,
BBIYUC/ISIEMBIIT HEMTOCPEICTBEHHO Tepe/l MOMaJaHreM B COOTBETCTBYIOMMiT 3amucu Jjuct. [Ipu-
9eM Pa3HBIM 3aMUCSIM OYIYT COMOCTABIEHBI Pa3HbIe MEPeKIovYaTe/ I win npeaukarsl. OTcroma
CJIe/IyeT, ITo

T(U,z) = T (x)]

CiietoBaTeIbHO,

I(U) = M,T(U.2) > M, |7 ()] =
= [ NT@IP() = [ [y €V : apy}|P(dr) =

S /O(W)P(dx) =3 P(O(y,p)).

yev yev

A TakK KaK 9TO HEPABEHCTBO BBITIOJTHAETCS JJIST JII00O0i ceTu

UelU(l,F), o
T(I,F) > 3 P(O(y.p)),
yev

9TO U TPEOOBAIOCH J0KA3aTh.

B ciyuae xorga 6a30BOoe MHOXKECTBO Tepek/odaTeeil mycro, 1o ects B caydae C/L stor
pe3yJIbTaT MOKHO JIOKa3bIBaTh I10-/IPYyTOMY.

Ecsm N — nekoropoe muOKecTBO pedep nekoropoii IC/I, To wepes T'(N') Gynem o6o3navars
cyMMy caoxKHOCTeit pebep n3 N .

Ecin U — uekoropas NICII, a  — uekoropas Bepmuna ceru U, 1o 4yepes Ny g Gyaem
0003HaYATH MHOXKECTBO pebep cetn U, BXOISIINX B BEPITUHY [3.
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JIemma 2 FEcau S = (X, Y, p,0,P) — nexomopwti mun 3adan ungopmanyuonmozo noucka, 20e
X — muootcecmso 3anpocos, Y — muootcecmso 3anuceli, p — 0MHOWEHUE NOUCKE, 3G0GHHOE HA
X XY, 0 — nexomopas anszebpa nodmmoscecme muoocecmsa X, P — sepoamnocmmuan mepa
na o, u U — nekomopas UCJI, paspewarowasn nexomopyro SUII I = (X, V, p) muna S, mo daa
Mobot sanucu y €V cnpasedauso

T( U Nua) >P(O(y,p).

a€Ly(y)

Jloxasamenvcmeo. BosbMeM Tpon3BoabHyIo 3amich y € V. Yepes B 0603HAYNM MHOZKECTBO
BepIIHH, U3 KOTOPHIX HCXOAAT pebpa, Bejyllue HelocpeJCTBeHHO B JHCThba u3 Ly (y), To ecTh
B — muoxecTBO Hawam pebep w3 | MNy,.

€Ly (y)
Tax kak UCJI U paspemaer 3UII I, To cormacHo Teopeme 1

UNg; 2 [N New =0(y,0)-

pes a€Ly(y)

W3-3a agguTuBHOCTH Mephl P

T( U Nua) > Y P(N,) = P(U N,,) > PO(y. ).

a€Ly(y) BeB BeB

Tem camMbIM JIeMMa JOKa3aHa.

Zoxazameavemeo meopemuvr 4 s UC/I.

Bosbmenm npoussoabayto UC U € U(I, F). HerpyaHo 3amerntsh, 94to 11s 066X ¥, y' € V,
TaKUX, 4TO Y 7 y', CIpaBeIuBO

U NU,aﬂ U NU,a = 0.

aELU(y) OéELU(y’)

Torma corymacuo jemMMme 2

TU)>ST( |J Noua) > Y P(O(y,p)

yeV  a€Ly(y) yev

st sioboit U € U(I, F). CrenoarennHo,

T(I,F)= _inf T(U)geq) P(O(y,p)),

UeU(I,F) o

YTO U TPEOOBATIOCH J0KA3aTh.



I's1aBa 2

MruoBeHHO pelltaeMble 3aJIa4l OUCKA

B nmawmmoit riiaBe mcc/ieyI0TCS HEKOTOPBIE 3a/1a491, KOTOPBIE SIBISFOTCS OJHUME U3 OA3MCHBIX B
reoMeTpuieCKux 3aJa4vaXx IMOUCKa, HOJYIUBIINX PaCIIPOCTPaHEHUE B CBA3U C Pa3BUTUEM BbIYMC-
JIUTEJLHON TeOMeTPHUH, KOMIBIOTEPHOH TpadUKi U JPYTUX KOMIBIOTEPHLIX AUCTUILINH. Otrm-
caHmne U 0OJIACTH MCTIOJIB30BAHUS ITUX 33724 MOKHO HaiiTu, Hanpumep, B [24, 27).

CornacHo Teopeme 4 perrerne J060i 3aga4dn wHbopMarponroro moncka (3UIT) tpeGyer
BPEMEHN He MEeHBIero, YeM BpeMs, TpebyeMoe Ha TepedncjeHne OTBeTa, KOTOPOe TeM CaMBbIM
SIBJISIETCST TPUBHUAJIBHOI HUKHel omeHKoit cioxkuoctu 3UIT.

HOSTOMy €CTeCTBEHHBIN nHTEpeC npeacTraBiadeT HpO6I[eMa HaXO02KJIeHud TaKuX aJI'OPUTMOB
pemrenus 311, koTopbie Mo BpeMeHHOi CT0KHOCTH HECYTTECTBEHHO OTIUYAIOTCI OT TPUBHATb-
HOI HUKHeil OIeHKU, B YaCTHOCTH, OTJIMYAIOTCS HA KOHCTAHTY, HE 3aBUCAIILYIO OT Pa3MePHOCTH
3aJ1a9M. 3a/1a91 MOUCKA, /IJIsT KOTOPBIX CYIIECTBYIOT TAKHWe AJITOPUTMBI, TPEJTaraeTCs Ha3bIBATh
MI'HOBEHHO pella€eMbIMHU 3a/JavaMi ITOUCKA.

Urak, mox menosenno pewaemovimu 3adavamu noucke mounMaiores takue 3UII, koropbie
MOTYT OBITH PEIlleHbl B CPeIHEM 3a BpeMsl, HeOOX0IMMOe Ha MepevrncJIeHne OTBeTa, ITI0C HeKas
He 3aBUCAIIAST OT PA3MEPHOCTH 33291 KOHCTAHTA. 3/1€Ch MO/l PA3MEPHOCTHIO 339K MOHUMA-
ercst 00beM OUOIMOTEKH, B KOTOPOi POU3BOIMTCS TTOUCK.

B nannoii rmaBe mpuBOAATCH TWATH 3a7ad4, JJIS KOTOPBIX MOKA3aHO, YTO OHU MIHOBEHHO
perraeMbie. JTO U3BECTHBIE 3a,a4MN:

® 33/1a4a IIOMCKa C OTHOIICHUEM IOHUCKA, ABIAIOIINMCA OTHOIICHUEM JUHEHHOTrO KBa3UIO-
PAIKa;

® 3aJ/la4a MOWCKA MJIEHTUYHBIX OO'bEKTOB, KOTOPas COCTOUT B MOWCKE B WH(MOPMAIMOHHOM
MaccuBe 00beKTa, UJIEHTUIHOTO 00BEKTY-3alpPOCy;

e 33ja9u 0 OJIM30CTH, KOTOPHIE COCTOSIT B TMOUCKE BO MHOYKECTBE, B KOTOPOM 3aJaH JNHEe-
HBII TTOPsIJIOK, 00 beKTa, OJIMKANIIEero K 00beKTy-3aIpocy ClipaBa WJIN CJIEBA;

e n-MepHasd 3aJava MHTEPBAJTHHOTO MOMCKA, KOTOPasg COCTOUT B IMOMCKE B KOHEYHOM IIO/I-
MHOKECTBE N-MEPHOI'0 IMPOCTPAHCTBA BCEX TEX TOYEK, KOTOPHIE IMONaIalT B N-MepPHbBIi
napaJiieienuie-3anpoc, riae n > 1;

e n-MepHad 3aJada O JOMHHUPOBAHHHU, KOTOpas COCTOUT B IIOMCKE B KOHEUYHOM IIOIMHO-
JKEeCTBE N-MEePHOT'0 IIPOCTPAHCTBA BCEX TeX TOYEK, KOTOpPble He OOJbIIe M0 KaxKIoi u3
KOMITOHEHT, 4Y€M 3alpoC, ABJIAIOIANCA B JAHHOM CJIydae TOYKOW N-MEPHOrO MPOCTPaH-
cTBa, rae n > 1.

21
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Ho ecsim B 3a1a4e ¢ oTHOIIEHWEM ITOUCKA, sIBISIOIIMMCST OTHOITEHUEM JIMHEHHOTO KBA3HUIIO-
psijiKa, aJaropuTM, oDecrednBaonInii MI'HOBEHHOE perieHne, He TpedyeT JAOMOJIHUTETLHOW maMsi-
TH, TO MTHOBEHHOT'O PeIeHus 3a,1a4, HCCAeyeMbIX B TaHHOI pa3/iese, HHOTIA VIaeTCsd J0OUThCS
TOJIBKO 3a CUeT DOJIBIINX 3aTpaT B o0beme naMaTu. Ho B Tex cutyamusx, KOraa BpeMs siBJISeTCs
O4YeHb JIOPOTUM, TaKHe aJTOPUTMbI MOT'YT OBITH OY€Hb OJIE3HHI.

PesybraTel JaHHON riaBbl ObLM anoHcupoBanbl B [10, 14, 52, 53] u omyb6ankoBams! B |11,
16, 18].

2.1 3agau;m momcKa C OTHOMIEHHEM IIONCKA, SIBJISIOIIIIMCS
OTHOIIEHNEM JIMHEMHOTO KBAa3UIIOPAIKA,

Bagada MoucKa, B KOTOPOIl OTHOIIEHWE MOWCKA, SBISETCS OTHOIEHWEM JIHHEHHOTO KBa3WIIO-
psiZiKa, HaBepHOe, OJHA W3 CaMbIX PACHPOCTPAHEHHBIX W BMECTe C TEM CaMbIX MPOCTHIX 3a1ad
MOWCKA. JTa 33/a9a UMEET MOJHOE W OKOHYATETHHOE PelleHne, KOTOPOe Mbl 3/1eCh IPUBEIEM.
DroT pesyabrar GuLT aHOHCHPOBaH B [10] u onmy6ukosan B [11]. Keratu, B 91ux paborax Brep-
Bble OBLIO BBEJIEHO MOHSATHEe HH(MOPMAIMOHHBIX CeTeil, TO eCTh JaHHAas 3a7a49a ObLIA IPOOHBIM

KaMHeM JIJIs KCII0/Ib3YEeMOT0 3/IeCh anmnapara.
!
Ecmn X — HekoTopoe MHOXKECTBO, TO MO, OMHOWEHUEM AUHETH020 K68a3UNOpAdKka > Ha

X x X Oyzem moHumMaTh OMHApHOE OTHOIIEHHE, /s JIIOOBIX T,%,2 € X YIOBJIETBOPSIOIIEe
YCJIOBUSIM

!
e pedIeKCUBHOCTH &> T;

l ! !
e rpamsurusHocTH (-y)&(y>2) — (r=2);

I I
e ces3uoCTH (1Y) V (y=).

Nrak, Mbl OyjieM paccMaTpuBaTh THIIHI 3aJa4 IMOUCKA, B KOTOPHIX B KAa4eCTBE OTHOIICHUSI
MOMCKA BBICTYMAET OTHOMIEHNEe JUHEHHOTO KBA3UMOPSAIKA, & UMEHHO PACCMOTPHUM CJIe Ty Ot
THI:

I
Slin = <X7X7 t>7
I

ripe X — HEeKOTOpOe MHOXKECTBO, > — HEKOTOPOEe OTHOIIEHWE JIMHEHHOrO KBA3MIIODSAIKA HA
X x X.

[lyctrb o € X, K, — &yukmus, pgeiicrByomas 3 X B {0,1}, Takag uro

!

Nk, = {z € X : z>a}. Ormernm, uro K,(x) ecTh XapakTepucTHIecKasg (DYHKIUS 3aMUCH

a. [Tycrs K = {K,(x) :a € X}.
Bynem paccmarpusarh cieytomniee 6azoBoe muoxkectBo Fy = (I, (). Tak Kak OHO COMEPIKUT
xapakTepucrnieckue GyHKIEMA Beex 3amuceit, To Fy = (K, 0) moano mis tana Sp,.

I
Teopema 5 Jlaa aoboti S3UIT T = (X, V, =) muna Sy,

> P(O(y,2)) < T(I,F) =1 - minP(O(y, =) + ¥ P(O(y, =),

\%4
yev ve yev
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I{Qk l{@k—l 1{51
»>- e o o o e
Yk Yk—1 Y2 Y1
Puc. 2.1: Cets U
!
Jlokasameavcmso. Bosbmem mpomssoibayo UL I = (X, V,») tuna Spy,. Ilycrs
/A !

V =A{y1,v2,--.,Yr}, IPUIEM 3aIUCH YIOPATOICHBI TAK, UTO Y1 > Yo> ... > Y.

Bepxugasa omenka. Pacemorpum NC/I Uy, n3obpakeHHyo Ha pucyHke 2.1.
O60o3HAYMM JIHCT, KOTOPOMY Hpunucana 3amuch y; (i = 1, k), vepe3 «;. Tak kak mjst 1106010

i € {1,k}
k
Pa; = /\ Kyj = Kyw
j=i

TO coriacHo Teopeme 1 cetb Uy paspemraer 3UII 1.
Herpyano nmoacuurarh, 94TO

T(Uy) = 1+ S POy, =) = 1+ 3 P(O(y, =) — min P(O(y, »)).

j=2 yev yev

YTo n 10Ka3bIBAET BEPXHIOI OIEHKY.
Huxxuaga omeHka cieiayer u3 TeopeMbl 4.
Tem cambIM TeopeMa MOJTHOCTHIO JTOKA3aHA

2.2 Ilomck maeHTUYIHBIX OOHEKTOB

B mamnom pasmenie Mbl Oyj1eM paccMaTpUBATDh 3a/a4y IMOUCKA UIEHTHIHBIX 00bEKTOB, KOTOPAS
B TOM HWJIX MHOM BHJ/IE BCTpe4dYaeTCd BO BCEX I/IH(bOpMaL[I/IOHHbIX cucreMax m 6&3&X JaHHDBIX.
3aava moncka UAeHTUIHBIX 00HEeKTOB COCTOUT B MOMCKE B MH(DOPMAITMOHHOM MACCHBE 00bEKTAa,
UJIEHTUIHOTO 00BbeKTy-3ampocy. OnurieMm 31y 3a1a4y (hopMaIbHO.

[IycTth HAM JaHO MHOXKECTBO X , Ha, KOTOPOM 33JaHO OTHOIIEHHE JTUHEHHOIO MOPAIKa <, TO
ecTh Takoe OMHapHOe oTHoIIeHHe Ha X X X, KoTopoe /s JIOOBIX Z,%, 2z € X yIOBIETBOpSET
YCJIOBUSIM

e pedIeKCUBHOCTH T < T;

e rpamsurusHocTH (T <X 4)&(y < 2) — (v <X 2);

e antucummerpuanoctu (x X y)&(y < z) — (v =y);

e ces3uocTH (r <X y)V (y <X x).

PaccMOTpUM CIeIyonuii TUIT 33129 [TOUCKA
Sia = (X, X, pia),

IJIe OTHOIIEHUE TIOUCKA Pig €CTh OTHOIIEHUE WIEHTHIHOCTH, TO €CTh

TPy = T =Y.

Twumn S;; Oyzmem Ha3bIBATH THIIOM MOWCKA UAEHTHIHBIX 0OHEKTOB.
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[Tycts Ng = N U {0} — MHO)KeCTBO HeJIBIX HEOTPUIATETBHBIX THCEIL.
[TycTn
0, ecan [ =0
Li(l) =14 Jlogl[+1, ecml=1,2,3 — (2.1)
logl+2, ecmmnl >4
dyHKIM, onpe/ie/ienHas Ha MHOX)KecTBe Nj.
JlokakeM cieayroree BCIOMOTaTeTbHOE YTBEepKIeHNE.

JIemma 3 ITycmo Li(l) — ¢ynruyua, onpedeaennasn svuwe, nycms k,m € N, nycmo

Tl(k,m)défmaX{Z Ll(lz) . ll € No, ceay lm € N[), le = k}

i=1 i=1

i = (- [g] ) (5]
o o[ ) ()

Jlokasameavcmso: Eciu noonpenenuts GyHKIMO Ly (1) HA TOJOKATETHHYIO HOTYOCH THC-
JIOBOII TIPSAMOIi, HAIPUMED, CIEAYIOMHUM 00Pa30M:

Tozda

b

Li(x) = x, ecm 0 <z <4
T loga + 2, ecom x> 4

TO oIy ueHHAasT (DYHKIUST OY/IeT HEMPEePLIBHON 1 BOrHYTOM. V1, BOOOIIE rOBOPSI, BOTHYTOCTH STOM
GYHKIIN 00bACHAET PEe3yTbTAT JIEMMBI.

Bosee nmoapobHoe 10Ka3aTeIHCTBO OY1eM BECTH OT MPOTHBHOTO.

[Ipeamoioxkum, 910 JIEMMa HEBEPHA, TO €CTh

b =S (v [E] ) 1 ([£] 1)
[l en () >

u cpeau qucen [L(i = 1, m) cymecTByer 2 4ncia, pa3HOCTh KOTOPHIX He MEHBIIE JBYX.
Bes orpanndennst 00IHOCTH MOYXKEM CIUTATh, 9TO [f — ) > 2.

[TycTn
P
1 2 Y 2 = 2 °

WAl =0+l — 1< 1.
Tak kak dbyukus L;(x) BOrHyTast, TO MO CBONCTBY BOrHYTHIX (hyHKIHUT

Li(l) + Li(ly) > Li(ly) + L(l), j=1,2. (2.3)
Ecniun B mepasenctse (2.3) HepaBeHCTBO CTPOTOE, TO MOJYYHIM NMPOTHBOPEYHE, TAK KAK

m
> Li(l}) — He MAKCHMAJBHO; €CTH JKe HeT, To obosHaumm [ = [} (i = 3,m) u nepeiizem K

i=1
PaCCMOTPEHUIO CYMMBI
m m

SOLi(l) =Y Li(ly) = ri(k,m).

=1 =1
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Ecmu cpeam uucen I (i = 1,m) mer mapbl 4mcen, pasHOCTh KOTOPHIX MpEBHIIAET 1, TO
MOJIy9UM TIPOTHBOPEYNe ¢ HEPABEHCTBOM (2.2), ec/in e eCTh, TO OISATh IPOJIETAeM OlepAaInIo,
OIMCAHHYIO BBIIIE, U N30ABUMCA OT TaKOii IMapbl, 1 TaK OyJIeM MpOAeTbIBATH 0 TeX IOp, IMOKa
aubO HE MOJIyYUM CTPOrOe HEPABEHCTBO B HepaBeHCTBe (2.3), nub0O He mpuaeM K pa3OHEHUIO

m
™o (M Tagomy, 4TO ZLl(ll(n)) = r1(k,m), u Bce oHH OTIMUAIOTCA He Gosee deM Ha 1, m,
i=1
TeM CaMBIM, OJIy9UM [MPOTHBOPEYHE C HeEPaBEHCTBOM (2.2), 94TO J0KA3bIBAET JIEMMY 3.
[Tycrs va X 3amano BepositHocTHOE mpoctpancTBo (X, 0, P) .
I[lycts g! (1) — nepexmodareb Takoii, 9To
gr(r) =i, ecmz € X; (i =1,m), (2.4)
rie X, X, ..., X,, — pa3buenue muoxkecrBa X (T.e.
u X, NX; =0, ecnmu i # j) Takoe, 410

P(X;) <c¢/m (i=1,m), (2.5)

rie ¢ = const, He 3aBUCAIIAA OT M.
Tak kak

TO OTCIOJIa Cpa3y caeayeT, u9To ¢ > 1.

[Iyctn
9/ ) 1, ecmmx <a
9a(7) = { 2, B IPOTHBHOM CJIydae a€X, (2:6)
] 0, ecmz#a
fo(z) = { | ecmnz—a ,a € X. (2.7)
[TycTn
Gi = {gn(2) : m € N}, (2.8)
Gy = {ga(x) 1 a € X}, (2.9)
F={fuz):a€ X}, (2.10)
F = (F,G,UG,). (2.11)

CrpaBeiuBa CIeayIONas TeopeMa.

Teopema 6 ITycmo I = (X, V, piq) — 3adaua noucka udenmuunux 066exmos, mo ecms 3a0a4a
muna Sy, 2de |V| = k, F — 6azosoe mnoocecmeso, onpedessemoe coomuouenuamy (2.4)-
(2.11), ¢ — xonemanma, onpedeasemasn coomuowernuem (2.5), L1(l) — dynryus, onpedeasemas
coommnowenuem (2.1). Tozda

2l (-
el )

1<T,F,(24c¢)-k)<2

3 |

B wacmmnocmu,

uT(I,F)~1 npuk — oo.
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Jlokxazamenrvemeo:

[Tocrpoum ceth UL, | uMeIONIyIo BU/I JiepeBa, CJIeLylomuM 06pa3oMm.

Bosbmewm sepmnny 3y n 06basum ee kKopaem cetn U . Beimyerum u3 3y m pebep, npumuimem
uM qucia ot 1 10 m, 00bsiBuM [y TOUKOiT MEPEKTIOUEHUST U TPUIUIIIEM €eif TIePeKTI09aTe b g,ln (x).

[ycts V; = X; NV, [; =1|V;|, i =1,m.

Komer pebpa ¢ HomepoMm i 0603HATHM [3;.

JIng Beex TakuX ¢, uTo V; # (), mpomenaeM cJeyonyo Ipoueaypy. BhIIycTuM 13 BepIInHbL
; GuHApHOE cOATAHCUPOBAHHOE JIEPEBO C [; KOHIEBBIME BepiimHaMu, BeicoTH | log [;[, Bce pebpa
KOTOPOI'0 OPHEHTHPOBAHBI OT KOPHS K KOHIIEBBIM BepHInHaM. EcCau B 3TOM JepeBe eCTh BHYT-
pEeHHsIsT BEPIHA, W3 KOTOPOil MCXoasaT pebpa, BeAyIine OJHO B KOHIIEBYIO BEDIIHHY, a JIpPyroe
BO BHYTDEHHIOIO (eC/IH TakKasi BepINHA eCTh, TO OHA TOJBKO OJIHA), TO M3 KOHIEBOW BEPIMHHBI,
B KOTOPYIO BeJeT OJHO M3 3TUX pedep, BBHITyCTHM o1HO pebpo. [lomydennoe mepeBo 0603HATIM
D;. O6bIBUM KOHIIEBBIE BEPIIMHBI 3TOTO JepeBa JTUCTbIMI U COIMMOCTABUM UM CJI€Ba HAIIPABO B
nopsiKe Bo3pactanus daeMentsl u3 V. (FoBopst 0 jiepeBe, Mbl MOpA3yMeBaeM HEKOTOPYIO €ro
VKJIaJKy, W Hanpasaenns "BieBo", "BupaBo'onpeaessiioTcst yiKe Ha 9TOil yKIaJKe. )

ITycts 8 — mpousBosibHasd BHYyTpeHHdAd BepiiuHa jaepeBa D;. ObosHauum uepe3 Vg MHO-
JKeCTBO 3alliceil, COOTBETCTBYIOIINX JUCThsIM BeTBH, pacryiieil u3 (. [Iycrs 3 — Bepmuna, B
KOTOPYIO BeJieT JieBoe (ec/m OHO OJIHO, TO eJuHCTBeHHOe) pebpo u3 [. Ilycrh

= max¥y.
yﬁ erBI Y

OO0bsiBUM BCce BHYTPEHHWE BEPITUHBI JepeBa [);, W3 KOTOPBIX HCXOIsT pedpa, BeayInue BO
BHYTPEHHME BEPIIUHBI, BEPIIMHAMY MEPEKIIOUCHUS W I KayKI0W TaKoil BepHMHbBI [3 JIeBO-
My pebpy, U3 Hee BBIXOASANIeMY, MPUIHIIeM 1, a mpaBoMy — 2, a caMOi BepHIMHE MPUITHAIIEM
mepeKoaTens g, ().

Bce pebpa gepesa D;, BXOAAIINE B TUCTbs, OObABAM NPEIUKATHHIMEI M IPUIHIIEM KAz IOMY
TakoMy peGpy, BeAyIIeMy B JIICT C 3alUCBIO Y, IpeauKar f,(r).

[Tonyuennyto ceth ¢ |V | = k muctbsavu o6oznauum UL . ITO ceTh Hal GA30BBIM MHOZKECTBOM
F.

[Tokazkem, uro UL pazpemaer 3agaay I = (X, V, pia).

[ycrs y € V; (i € {1,m}), me. mer « npunagaexur aepesy D;. B mero Bemer enun-
CTBEHHAs IIellb, cocTosmasa u3 ue Gosee uem |logl;[+1 pebpa, npuvem Bce 3t peGpa, Kpome
MOCJIETHETO, MepeKToIaTenbube. Tak Kak g2 (y) = ¢ 1 nepsoe pebpo B 3TOil MEnn ecTh i-¢ ped-
PO, UCXOJAIIEe U3 KOPHS, TO IMPOBOAUMOCTH IepBoro pebpa B nenu pasua 1. [Tociaenmee pe6po
B IIeNH — IPeJnKaTHOe ¢ npegukaroM f,(z), u ero nposoxmmocts pasHa f,(y) = 1. [lokaxewm,
9TO MPOBOAMMOCTH OCTAIBHBIX pebep menu paBaa 1. BosbMeM npon3BoanHO 04HO U3 3THX pebep
(B8, 5"). Ecom (53, ") — nesoe, ncxongiuee u3 [, 10 y € Vi u npeankar, IPUIHCAHHBIH BePIIIHHE
B, gzﬂ(y)zl, TaK Kak

y <ys = maxy’.
y' €V
Ecnu (8, 8') — npasoe peGpo, ucxoxgmee u3 3, T0 y > yg 9135 (y) = 2, TeM caMbIM TIPOBOJIH-
MocTh pebpa (3, 5') B oboux ciydasx pasHa 1.

Taknm 06pa3oM, MBI MOKA3AIN, 9TO @, (r) = fy(2). YanTsBas HPOM3BOJBHOCTD JIHCTA (X U
Teopemy 1, mostyuaum, uro cerb UL, pemaer 3anaqay I = (X, V, ;).

[Toncunraem obbem cern UY.

[TockonbKy Kaxkaoe u3 D; ecTh JepeBo, B KOTOPOM IMOJIYCTEIeHb MCXOa JIIOOOH BepIIHHBI
paBHa 2, Kpome, ObITH MOYKET, OJHON BEPIINHBI, TO €Cau B JAepese [D; HeT BEPIIMHBI C MOJIyCTe-
nenpio ucxoga 1, To B D; Oyner poHo 2 - [; — 2 pebpa, a ecau B gepee [); ecTh BepiimHa C
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noJrycrernenbio ucxoga 1, to B D; oyzaer 2 - [; — 1 pebpo. Orcioma ciemyer, 4To

m
QUY) <m+> max(0,2-1;, — 1) <2-k+m—1.
i=1
TTojicumTaeM CJI0KHOCTD moJyvenuoii ceru UL
Pacemorpum nipousBosbHblii 3anpoc © € X;. Ipu [; = 0 aepeso D; nycro u T(Uy,z) = 1.
Ecom [; > 0, To, KaKk MBI OKA3aJIM BBINIE, AKTHBHBIE HAa TOM 3alpoce BepmmHbl cetn U
(BepmmHa [ aKTHBHA Ha 3ampoce, ecin @g(r) = 1) 00pa3yioT eIUHCTBEHHYIO IEMb, BeAYILYIO
13 KOPHA K BepIIMHE ¢ HCKOMOII 3allUChI0, eC/IH UCKOMasl 3allUCh eCTh B OMOJIMOTEKe, NI HeKYIO
MO/IIIeNTh STOM IIeNH, ecJu WCKOMOM 3amucu HeT. [Ipwuem B 91oil nenu He Gosee, wem |logl;|
IEepPeKII0YATEIbHBIX BePIIMH U OJHA BEpIINHA, U3 KOTOPOH HCXOAUT He Oosee IBYX pebGep ¢

Hpe;LI/IKaTaMI/I. TeM CaMbIM
T(Uy") < 24]logli[< 1+ Ly (1),

rae Ly (1) — dbyunkmus, onpenensiemast cooruomnrennem (2.1).
ITo ompe/eeHuto 1 yIUTHIBAsI JIEMMY 3,

T = MmT(Ug",x):/XT(Ugn,x)P(dx):

m

_ in:/XiT(Ugn,x)P(dx) < S 1+ Li(l) - P(X;) =

i=1

Bosbmem m =|c - k[. IIpu srom
QU < 2k+]c-k[-1 < (24¢) - k.
Tak kak ¢ > 1, to m > k. Ecru m =k, o k/m=1mu
ri(m,k) =0-Li(2) + k- Li(1) =k - Li(1).
Ectu m >k, 10 k/m =0 u
ri(m,k) =k -Ly(1)+ (m—k)- L1 (0) =k - Li(1).

CrenoBaTeIbHO,

T(I,F,2+c)-k) < T(UM < 1+ﬁk-L1(1) <.

Ecou B3gate m = k - a(k), tne a(k) — oo npu k — oo u (k) > 1 mpu siro6om k, T0

c-k

T(I,F) < L e
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C apyroii croponsr, T'(I,F) > 1, rak Kak W3 KOPHsI JIOJKHO HCXOAUTH XOTs1 ObI OTHO pedpo,
MOCKOJIBKY k > 0.

Tewm cambiM Teopema JI0Ka3aHa.

[Tpusesem aBa npuMepa 3aJa49u MOUCKA WIACHTHIHBIX 00HEKTOB.

IIpumep 1. IIycts Sig1 = (X, X, pig) — THI TOUCKA WIEHTUIHBIX 00beKTOB, rae X = [0, 1],
IpryeM 3aJ1aHo BeposgTHOCTHOe mpoctpanctBo (X, o, P) nag X rtakoe, uro P 3amaercsa dbyHk-
peil MIOTHOCTHIO BEPOATHOCTH P(T).

[Iyctn

Xy = {zeX:0<z<1/m}.

1
Xi = {reX: " <az< ), i=%m (2.12)
m m

Torna nepekouaress gl () = max(1, |z - m[) yaosiersopsier coornomenuto (2.4).

Eciu p(x) < ¢ = const, to P(X;) < ¢/m, n MBIl HAXOTUMCS B YCJIOBHSIX TEOPEMBI 6.

[Ipusenem HedopManbHOE OMUCAHEE AJTOPUTMA TIOUCKA, MPUBEJICHHOIO B JOKA3ATETHCTBE
TeopeMbl 6 MPUMEHHTETHHO K 3a/ate

I= <X7 Va Pzd>

tuna Siq, rae |V| = k.

Pazobbem orpesok [0, 1] Ha m paBHBIX YacTeil B cOOTBETCTBUM ¢ COOTHOIMeHUAME (2.12).

Kazkmoit qacTu comocTaBuM MOJAMHOZXKECTBO MHOXKECTBa, V', cOCTOsIIee U3 TOUYEK, MpUHaIIe-
JKAIMUX STON YaCTH.

Teneps /11 TPOU3BOIBHON TOYKU-3AMPOCA & TIOUCK TOUKA U3 V', MACHTHIHOM 3a1pocy, Oyaem
BECTH CJIEIVIOMHIM 00Pa30M.

OmnpeneuM Ty dYacTh OTpe3Ka, KOTOPOW NPHUHAIIEKUT 3ampoc x. Ee HoMep paBeH
max(1, |z - m]).

Tenepb BO MHOXKeCTBe, COIOCTABICHHOM HaiiIeHHON YaCTH, OCYIIECTBUM OOBIYHBIN JUXOTO-
MUYECKU ITOUCK.

CornacHo jqemMe 3, HaubOOJIbIIIEe CpeHee BpeMs MOUCKA OyIeT B TOM CJydae, KOrjia TOUKH
13 MHOXKeCTBa V' paBHOMEPHO PAaCIpeeTeHbl 0 BCEM M JacTIM OTpe3Ka.

Ecnu B kauecTtBe m B34Th m = k, TO caydail, Korja B KaxKJayi0 JacTh IOMAJIET IO OIHOI
Touke U3 V, OyJeT mMeTrb HAHOOJBIIYIO CI0YKHOCTL. A IMOCKOJIBKY HAWTH MM He HAWTH 00b-
eKT BO MHOYKeCTBe MOIMHOCTH | MOXKHO 3a 1 mmrar, To B cpejHeM 3a 2 miara (Ha [MepBOM MbI
ONpEIEJTNIIN HOMED HYKHON 4aCTH) Mbl MOKEM DEIUTh 33/a9y MONCKA WIEHTHIHBIX 00'bEKTOB.

IIpumep 2. Tlycre Sipe = (X, X,piq) — THO TOHCKA WIEHTHYHBIX OOBLEKTOB, IJe
X=A{1,...,N}.

[Tycts (X, 0, P) — BepogATHOCTHOE MPOCTPAHCTBO Haj X, IJie 0 — MHOXKECTBO BCEX TOJI-
MHOYKECTB, a BEPOSTHOCTHast Mepa P ompezessier paBHOMEPHYIO BEPOSTHOCTH Ha MHOMKECTBE
3ampocoB X, To ectb ajst moboro x € X P(z) =1/N.

[Tycts 3amano m € N.

[Iycts 7 = N —m - [N/m].

[Iycts X4, ..., X,, — Takoe pasdbueHne MHOXKECTBA, 4TO

X, ={zeX: 1+@-1)-([Nm]+1)<z<i-([N/m]+1)},
i=1r,

X, ={zeX: r-([Nm]+1)+1+(G—-1—7r)-[N/m]<z<
< (IN/m] + 1) + (= ) - IN/ml}, i =75 T,
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ugh(x) =1, ecmn x € X;, i € {I,m}. Torma
P(X;) < (I[N/m]+1)/N <2/m,

1 MBI OIIATL HAXOAUMCA B YCJIOBUAX TE€OPEMDBL 6 IIpu ¢ = 2.

2.3 3amaum o 6Jm30CTHI

3aga4un o0 HJIU30CTH, KOTOPBIE COCTOAT B IMTOMCKE BO MHOYKECTBE, B KOTOPOM 33IaH JTUHEIHBIH T0-
PSLIOK, 00beKTa, OJIMKANIIEro K 00 beKTY-3aIpoCcy, TaAK¥Ke OYeHb PAaCIpOCTpaHeHbl B HWH(pOpMa-
IIMOHHBIX CUCTEMaX U KaK CAaMOCTOSTETbHbIE 3a/Ia4, U KaK 3a/a49i, BOZHUKAIOIINE TP JIEKOM-
no3uIu 0oJiee CIOXKHBIX 3a/1a9 NMoucKa. B gacTHOCTH, MBI TOXKEe Oy/IeM HCIIOJIH30BATh 3a/a9H
0 OJTM30CTH TPHU pPeNeHnr MHOTOMEPHO 33]aYi WHTEPBAJIHHOIO MOUCKA W 3aIa91 O JJOMUHUDO-
BaHUW.

Ecmu X — MHOXKeCTBO 3aIpoCcoB, Y — MHOXKECTBO 3amuceii, B 3ajauax o ommsoctu (30B) B
ormmune ot SUII orHomrenne mowcka 3agaercsa He Ha X X Y, a Ha X X V, roe V' — 6ubanoreka
331491 O OJIM30CTH.

Pacemorpum  chenyromyo 3amady o Ogm3octu. [lycth Ha MHOXKecTBe 3amuceii Y 3a-
JIAHO OTHOIIeHue JuHeiHoro mopanaka <. Ilycts muoxkectBo 3ampocoB X = Y. Ilyctb
Vi={yi,...,u} CY.

OTHOIIEHNE TOUCKA Ppeqr1 337aeTCst HA X X V ¥ Ompese/isieTcss COOTHOIEHTeM

TPnearty == (y € V)&(z 2 y)&(=(3Y)((y' € V)&(z 2 y")&(y' < v))),

T.e. TPpear1ly, €CAU Yy € V| OnKaiitee cpaBa K .
[Tpu Bomoaaenun ytux yeaosuit SUIL I = (X, V, ppeqar1) HA30BEM TEpBOii 3a1aueii 0 61130~
CTH.
[Iyctn
[ ecin 0 <[ <3

La(l) = { log(l+1)+1, eciml>3 (213)

JIemma 4 ITycmo Ly(l) — dynryua, onpedeaennan sviwe, nycms k,m € N, nycmo

T2(k,m)d§fmaX{Z LQ(ZZ) . ll € No, ceey lm € N[), le = k}
i=1

i=1

o = ({2 ) (2]
(e[t ) o (2]

Jlokasameavcmso: Ecan poonpenennts GYHKIWO Lo(l) HA TOJOKATETBHYIO MOTYOCh THC-
JIOBOI TIPSIMOIA, HAIPUMEDP CJIELYIOIHAM 00Pa30M:

Tozda

Lo(z) = x, ectn 0 <zx <3
2T log(r +1) +1, ecmm x> 3 ’

TO TosTydeHHad YHKIMA OyIeT HellpepbiBHO 1 BoruyToil. JanbHeiinee 10Ka3aTelbCTBO TOJI-
HOCTBIO AHAJIOTUYHO JIOKA3ATE/TLCTBY JIEMMbI 3, TAK KaK B HEM HUCII0/Ib30BAJIOCH TOJBKO CBOHCTBO
HENPEPLIBHOCTH W BOTHYTOCTH (DyHKImN Ly(x).
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Tem cambiM JeMMa 4 10Ka3aHa.

[TycTh 6a30BOE MHOZKECTBO

F=(0,GUG5), (2.14)

rae Gy u Gy onpenesnstiores: coornomenusivu (2.4), (2.6), (2.8), (2.9).
CnpaBeiuBa ClIeyomas TeopeMa.

Teopema 7 ITycmo I = (X,V, ppear1) — nepsas 3adawa o 6auzocmu, 2de |V| =k, F — 6azosoe
MHONHCECTNB0, onpedeasemoe coomuowenuamy (2.4)-(2.9),(2.14), ¢ — koncmanma, onpederse-
mas coommowenuem (2.5), Ly(l) — dynruua, onpedeaseman coommowenuem (2.13). Tozda

1< T(I,F,2 k+m) < %((k— l%l-m)-IQ([%]ﬂLl)ﬂL

et (D)

1<T,F,(2+c) - k+1)<2

B wacmmnocmu,

uT(I,F)~1npuk — oco.

Joxasameavcmeo: Tloctpoum ceth UL 1o amamoruu ¢ cerbio U W3 J0Ka3aTelIbCTBA TEOPEMBI
6.

Bosbmewm Bepmuny [y n 00bsiBuM ee KopaeM cetu. Beiyctum u3 y m pedbep, NpUIuineM um
qucta or 1 10 m, o6baBEM By TOUYKOI MepeKTIOUeHrs 1 IPUIUIIeM eif epekmodarens gl ().

[Mycrs V; = X; NV, [; = |V, i=1,m.

Komer pebpa ¢ HomepoMm i 00603HATUM [3;.

Jlnsa Beex ¢ Takmx, uto V; # (), mpomesaem cieayronyo npoueaypy. Boimyctuy 3 BepuimHbn
f; bunapuoe cbarancupoBanuoe jgepeso D; ¢ [;+1 koHnessiMu BepruuaaMu 1 BeicoTsl | log(l;+1)].

O0bsiBUM Bce KOHIEBBIE BEDINUHBI 9TOro JAepea D;, Kpome mocienHeii (camoil mpapoii),
JINCTHSIMU W COMOCTABUM WM CJI€BA HAMPABO B MOPSIIKE BO3PACTAHUS IJEMEHTHl u3 V.

Jl71s1 mpou3BoIbHOIT BHYTpeHHeil BepInmnHbI 3 nepeBa D; BBegeM moHATHS V3 U Y, ONpese-
JisleMble Tak ke, Kak u B ceru UD.

O0ODBbIBUM BCe BHYTPEHHHE BEPIIUHBL JepeBa [; BepIInHAME IePeKTI0UeHns U I KazKI0ii
BHYTpEHHEl BepIuHBI [ JIEBOMY peOpy, U3 Hee BBIXOAIIEMY, MPUIAIEeM 1, a mpaBoMy - 2, a
camoif BepImHe NPUIUIIEM TTePeKII0IaATeh g;ﬂ (x).

Iycrs ¢ € {I,m}. O6osna4nm j(i) Takoit momep, 4ro j(i) > i, |Vji)| > 0 u He cymecrsyer
g Vyl > 0mj >imj < j(i), To ectp j(i) — mHIEKC GJAMKAIIIEr0 CBEPXY HEIyCTOrO
muoxecTBa V(). Ecin Takoro MuoxkecTsa mer, To j(i) = 0.

Teneps st Kaxk10r0 JiepeBa D; camMyro MpaByO KOHIEBYIO BEPIIWHY JepPeBa OTOXKIECTBUM
C CaMBIM JIeBbIM JiicToM Jiepesa D), ecm j(i) # 0.

Jlag KaxKaoro takoro i, 9ro [; = 0, BepIIHHY [3; OTOXKJIECTBHM C CAMBIM JIEBBIM JIHCTOM
nepesa Djg, ecin j(i) # 0.

[Toyuennas cetb u Oymer cerbio UL .

Jloka3zaTebeTBO TOrO, uTo ceth U} paspermaer nepsyto 3a1auy o 6iusocti I = (X, V] preart),
AHAJIOTHYHO J0Ka3aTeIbCTBY TOrO, UTO ceTh UL, paspelraeT 3ajady MOMCKA MAEHTUYHBIX 00Db-
eKTOB.

[Toncunraem obbem cern UL .
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[TockonbKy Kazkaoe u3 D; ecTh AepeBo, B KOTOPOM MOJIYCTEHeHb MCXOa JIOOH BepIIHHBI
paBHa 2, To B D; 6yaer posHo 2 - ([; + 1) — 2 pebpa. Orciona cieyer, 4ro

Q(U,ln):m+§:(2(li+1)—2):m+2 ili:m+2k.
i=1 1=1

[ToxcunraeM c10KHOCTH cetn UL,
Paccemorpum npousBosibubiit 3anpoc © € X. Ilpu [; =0

T, z)=1.

Eciu [; > 0, To akTHBHbBIE Ha 3anpoce X BepluHbl cetu Ul 06pazylor eJIMHCTBeHHYIO Telhb,
BEJIYIIYIO W3 KOPHS K BepIIHHE ¢ HCKOMOIi 3alHChIO MM Ke K CaMOii paBoil BEpIITHHE MOCJIeT-
nero gepesa D;. U1 B at0ii menotuke me Gomee 1+]log(l; + 1)[ mepekioMaTeIbHLIX BEPIINH 1,
3HAYNT,

T(Up,x) < 14]log(l; + 1)[.

Orciona caeayer, uro T(UL x) < 1+ Ly(l;).

Torma Kak cieacTBHe JeMMbI 4 U IO aHAJOTHH C TeopeMoii 6 JTOKa3bIBAETCS yTBEPIKICHIE
TeopeMbl 7.

Yro u TpeboBaIOCH I0KA3ATD.

Anajornaro pernraercs 3ajada W KOIJIa HAI0 HAWTH OJIMKAMIIYIO K 3alIPOCy CJIeBa 3alCh
B OUOJIMOTEKE, T.e. KOTJA Ppeqr2 OMPEIAECTSIETCS COOTHOIIEHHEM

TPnear2y <= (y € V)&(y 2 2)&(=(Fy) (' € V)&(y' < 2)&(y < y'))).

B30B I = (X, V, ppeara) C TAKUM OTHOIIEHHEM MOMCKA HA30BEM BTOPOI 3ajadeil 0 GJIM30CTH.
[Ipumepsbl, npuBeeHHbIE B pa3jiese 2.2, ¢ TAKUM Ke YCIeXOM MOTYT CJAYKUTh IMpUMepaMu
PacCMOTPEHHBIX 337a49 0 OJIU30CTH.

2.4 MHoromMmepHad 3a71a4a MHTEPBAJbHOIO MOUCKA

MHuoromepras 3a/1a49a WHTEPBAJILHOTO MOUCKA COCTOMT B MOMCKE B KOHEYHOM MOJMHOMKECTBE
N-MEepHOT'O HPOCTPAHCTBA BCEX TeX TOUEK, KOTOPHIE IOMAJAIOT B N-MepHBI IapaJiielenne-
sanpoc. Onumrem THI 330449 HOUCKA, KOTOPBI COOTBETCTBYET Nn-MepHOil 3a/1a49¢ HHTePBAILHOTO
IOHCKA.
[Tycrs Vi, = [0,1]" — muoxkecTBo 3ammceii n
Xintn = {7 = (u1,v1, ..., Up,vp) 1 0<u; <v; <1, i=1,n} —

MHOYKECTBO 3anpocoB. IlycTh Ha MHOXKecTBe X, 3a4aHO BEPOSTHOCTHOE MPOCTPAHCTBO
{ Xintn, 0, P), rie P 3amaercsa dyHKImMeil I0THOCTH BEPOSTHOCTH P(T).

OTHOWIEHTE MOUCKA, Pipgy, ONPEACTeHO Ha Xinm X Yinm U 33JaeTCA CICLYIONIM COOTHOIIe-
HHEeM:

(ula V1ye oy Unpy 'Un)pintn(yla IO yn) U S Yi S Uy, 1= 17 n. (215)
Torma Tumn
Sintn = <Xintna }/;ntna Pintn, O, P>

HA30BEM TUIOM MHOTOMEDHOTO WHTEPBAJIHLHOTO IMOUCKA.
[Iycte V = {91, ...,k } — KOHeuHast GUOIMOTEKA, JIEMEHTHI KOTOPOIl MPUHAIEKAT Yy,
[lyctrb SCV,nl1<ip < --- <y <n.
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Obo3naunm gepes

-1(S) = {(ys, . . . i)t (Y1, yn) €S} (2.16)
MPOEKITNI0 MHOXKECTBA, S HAa, KOMIOHEHTHI 11, . . ., i].
ObozHaIIM
Wi ={(/y") v,y e Il'(V)uy <"}, i=T1,n. (2.17)
Obo3HaTIM

i=1,n, (2.18)

s kazkoit apst (y',y") € W' onpejie/ium MHOMKECTBO
Sty =10= W, ...,um) €V iy <y <y}, (2.19)
[Mycrs §° = (yl,ya,---,y%,08) € Y (i = 0,n — 1). 3aech u jgajee noj 3uaukom 7° Gyaem

MOHUMATD TYCTOe MECTO M OTCYTCTBUE 3HAYKA, TAK, HAIPHMED, 3AITUCH Pjo OYeM TOHHMATDH
Kak p', a samuce M1 (7°) — kax M. O6oznauanm

Vi=vV, (2.20)

1 ~1— _ ] ;o
Vg = ]Dl Shir = 2m, (2.21)
Mg = (V(5Y), i =1,n, (2.22)

M=) ={y e MGy 2y}, i=T,

n.
Byzem canrars, aro kaxpoe n3 muoxkects M (57 ~") w M} (5*~") (i = 1,n) ynopsizodeno mo
BO3PACTAHUIO.
[Iycts M — HEKOTOpOe KOHEYHOE, YIOPSJI0YeHHOE MO0 BO3PACTAHWIO MHOMKECTBO TOUYEK U3
orpeska [0, 1]. Ilycts y € M. Ilycrs y' — TouKa, mpe/iecTByomas Touke y B M, ecin y — He
nepBast touka B M, u 3y = 0, eciin y — nepsast rouka B M. Obo3Hadmm

(2.23)

I —
ZN M) = [yla y|, ecam y — mepsas Touka B M, (2.24)
Y (v, y], B mpoTuBHOM CiIy4ae.

[Tycrs 3" — caepytomasn 3a y Touka B M, ecim y — ue nocaennsas B M, uw y" = 1, ecom iy —
nocyenndaa Touka B M. Obo3naunMm

" .
Z2(M) = [y, y”], ecau iy — HOoCaeaHsasa Touka B M, (2.25)
y [y,y"), B IPOTUBHOM CJIyuae.
O6o3naunm
T = (ug, V1, U, Uy), 2 = (ugv;), (2.26)
X ={(u,v):0<u<wv<1}, (2.27)

X! (M) = {(u,0) € Xy :u € Z)(M),v € Z2(M)}, (2.28)
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rjie M — HeKOTOpOe IMPOM3BOJILHOE KOHEYHOE, YIOPSI0YEHHOE 10 BO3PACTAHUIO MHOZXKECTBO

Wi, V;) / / T)dZiyq - -dZ,,
X1 X1

Tovyek n3 orpeska [0, 1],

pi(ug, vy, ...,
P = 1,n -1, (2.29)
Pu(E) = p(T). (2.30)
ycrs 57" = (Y, ya, ...,y L ys h) € Yol gy, € MUY, rae i = 1, n, Toraa obo3nadnm
pl(uhvl) = p1(u, v1), (2.31)
() = A5 e
Dy 1(“2 Uz) /X'il () Zi—1
y1 g
/ pi(u1, v, --auiavi)dzl/
X1, ()
172
// dZZ 1
X'y i (MH(gie2)
¥y gy
/ pi1(u1, v, i1, vi-1)dZ1
X1, ()
1’72
i=2,n, (2.32)
i1 vy L
pg’i,l(ui) = /u Py (ug, vi)dvg, i =1,n—1, (2.33)

7,2 ) . i o )
= éﬂwwwfwd%mmm/

pgi—l,yi
L
// o dui/ Pyi-1 (i, vi)dv;
zZ,06@=)
(2.34)

i=T,n—1

CkazkeM, 9TO (DYHKIHS IIOTHOCTH BEPOATHOCTH p(T), ONpeaeIsaiomas BepOITHOCTHYIO Me-
py P, obramaer cBOHCTBOM CIlemuagbHOMN orpaHI/IquHOCTH ¢ KOHCTAHTOH ¢ 115 OMOIMOTeKH
1}, moboro 7~ = (yh,yl, ...,y ys™h) € Y u moboro

V', ecrn st moGoro @ € {I,n—1
') BBIMOMIHAIOTCS CIIEIYIONHE YCTOBHS:

y; € M'(y*~
pgil—l(ui) S C,
(1= - Pt (v) <e
u
pgnfl(una Un) S C,

rie y; — Jeswiii Kower orpeska Z, (M*(j'7)).

OueBnano, aro ¢ > 1.
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[TycTn
Gl :{ gi17m(U1,'lJ1,...,Un,'lJn) -
=max(1,]u; - m[) : i € {I,n}, m € N}, (2.35)
GZ = { gzm(ulavla" u’navn) =
=max(1,]v;-m[) : i € {I,n — 1}, m € N}, (2.36)
G3 = { gz?),a(ula U1,...,Up, Un) —
1, ecmu; <a . —
_ { ) Lm0 e T ae o), (2.37)
Gy = { gia(ula U1y ...y Un, Un) =
1, ecm v; < a
= { 2 econ v > a cie{l,n—1}, a €[0,1]}. (2.38)
Obo3naumm
Ma,b - {j - (ulavla .. '7una'Un) € Xintn U S ba Up Z CL}.
[TycTn
Fl = {fa,b : Nfa,b - Ma,b; 0 S a S b S 1}; (239)
F2 = {ﬁfU,a NS [07 1]7 fU,a € Fl}; (240)
G5 - { gz(ulavla s 7u’navn) -
<
_ { 1, ecmtu, S vp <upta [0,1]}. (2.41)
2, B IPOTUBHOM CJIyvae
[TycTn
.7:: <F1UF2,01UG2UG3UG4UG5>. (242)
CrpaBeiuBa CIeayIONas TeopeMa.
Teopema 8 ITycmo SUI I = (Xiun, V, Pintn) — N-MepHaa 3a0a4a UHMEPEAALHOZ0 NOUCKA,

mo ecmov 3a0a4a Muna Sip,, 20e |V| = k. Ilyemv F — 6azo6oe muootcecmeo, onpedessemoe
coommowernuamu (2.35)-(2.42), n > 1. Hycmb

Z P ya Pintn )

yev

Tozda, ecau Pyrkyus naomuocmu seposmuocmu p(T), onpedeaatowas 6EPOAMHOCHYIO MeEPY
P, obaadaem ceoticmeom cneyuarvroti oeparuvernHocmu ¢ konemanmoti ¢ 0as bubauvomeru V,
mo
R(I) < T, F,(4k+2+ (1+6[logk])-c)(k(k+1)/2)"") <
< R(I)+4n+1.
JlokazarennrcTBO TeopeMbl 8 mpoBedeM B aBa 3Tama. CHadaa pacCMOTPUM OJIHOMEPHBINH
caydaii, T.e. Korja n = 1, a 3aTeM MHOTOMepHYI0 3a1a4dy (n > 1).
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2.4.1 OpHOMEpPHBIN Cciaydait

B OJHOMEPHOM CJIyda€ B Ka4eCTBe 0a30BOI'0 MHOYKECTBA MOYKHO B34ThL MHOYKECTBO
F=(F1UF,,G UG3UGs3),

T.e. MHOKeCTBa, (Gy n (G, HYKHBI TOJIBKO JJISI PEAJTU3AIINH MHOTOMEPHOI 3a1a9u.

B omHOMEpHOM Cilydae CBOHCTBO ClienuaIbHOIl OrPaHUYeHHOCTH MPEBPAIIAETCS B OOBITHYIO
OrpaHUYeHHOCTh (DYHKIMH [JIOTHOCTH BEPOSTHOCTH P(T).

B omromepuoM citydae Yiy, = [0, 1], a 6ubauoreka V' ecTb KOHEUHOE MHOYKECTBO TOUEK U3
orpeska [0,1]. IIycts V' = {y1,v2, ..., yx}, mpuuem y; < yo < -++ < yg, T.e. V. — MHOXKECTBO,
YIOPSIIOUY€HHOE B TOPsiJIKe HEYOBIBAHWS CBOUX 3/IEMEHTOB.

Huxxusist onenka ciemyer u3 teopemsr 4.

[TocTpoum UCTI, Ha KOTOPOiT HOCTUTAETCS BEPXHSST OIEHKA OJJHOMEPHOI 33/ 1a91 HHTEPBATh-
HOTO TIOMCKA.

BosbmeMm ToUKYy, 00bSIBUM ee KOpHEM CeTH 1 0003HaTINM (3. BeimycTuMm u3 KopHg j1Ba pebpa,
OJIHO U3 KOTOPBIX OyjieM CYUTATH JIEBBIM, a Jipyroe npasbiM. Kownery jieBoro pebpa ob6o3HaunM
(1, a KoHer, BTOporo — [s.

[Tycts m — HEKOTOpBI TapamMeTp, 3HAYEHNEe KOTOPOTO OIPeIe/INM MO37KE.

[IpunuieM KOpHIO MepeKTI0YaTe b gf/m(u,v) n3 muoxecrBa G5. Hamomumm, uto n = 1,
MOITOMY MBI OIYCTUM HHJIEKCHI IpHU IepeMeHHbIX. JleBomy peOpy mpumnumreMm 1, a mpaBomy 2.

Beimyctum u3 BeprmuHbl 37 gepeBo D, aHajgorudHOe JaepeBbaM [); U3 10Ka3aTeIbCTBa TEO-
pembl 6. A uMmenHo, aepeBo D OyaeM CTPOUTH CIAELYIOMIM 00pa30M.

CuavaJsia Bo3bMeM GHHAPHOE cOATAHCHPOBAHHOE J€PEBO ¢ k KOHIIEBBIMU BEPITHHAMHE (HATOM-
uuM, uro k = |V]), Beicotsl | log k[, Bce pebpa KOTOPOro OpUEeHTUPOBAHBI OT KOPHSI K KOHIIEBBIM
BepmuHaM. Ecm B 3ToM JiepeBe ecThb BHYTPEHHASA BepIIHHA, U3 KOTOPOH MCXOmAT pebpa, Be-
JIyIIHe OJJHO B KOHIIEBYIO BEDINUHY, a JPYroe BO BHYTPEHHIOK (€CJIM Takas BEPIIMHA €CTh, TO
OHa TOJILKO OJTHA), TO U3 KOHIEBOW BEPIINHBI, B KOTOPYIO BEJET OJHO U3 3TUX pebep, BBIYCTHM
ojiHO pebpo. [Tosryaennoe nepeBo oboznadum D.

OObaBUM KOHIIEBBIE BEPIIHHBI 3TOTO JepeBa JIMCThIAMHU H 3aHYyMepyeM HX CJieBa HaIlpaso.
HamomuuMm, 4T0, roBops 0 JepeBe, MbI MOApa3yMeBaeM HEKOTOPYIO ero YKJIaJKy, U HalpaBye-
uus "Brepo", "BrupaBo'onpenensiorca yxe Ha 3Toil yKaagke. O6o3HAUNM i-ii THCT Yepe3 «; U
COIMOCTaBUM €My 3aIHCh ¥;.

[Tycts § — mpowsBoJibHAsT BHYyTpeHHsisT BepiinHa jepesa D). Tak ke, kak u B Teopeme 6,
0603HauNM 4epe3 V3 MHOXKECTBO 3almnceil, COOTBETCTBYIOIINX JHCTbIM BETBHU, pacTyeil n3 3.
[Tycts 5" — BepimuHa, B KOTOPYIO BeJIET JIeBOe (€CIH OHO OJHO, TO eJINHCTBEHHOE) peObpo u3 3.
[Iyctn

Yp = ;Tel‘a/;f Y.

O0bsBUM BCe BHYTpPEHHHE BepPINHHBI jJepeBa [, W3 KOTOPHIX HCXOAAT pebpa, BELyIIue BO
BHYTPEHHIE BEPIINHBLI, BepIIMHAME MEpPeKTI0UeHns U g KaxKa0il Takoii BepmuHbl [ JeBO-
My pebpy, U3 Hee BBIXOIMAIEMY, HPUIHIIEeM 1, a MpaBoMy — 2, a caMOil BepIIuHe HTPHUIAIIEM
HePeKII0YATEIb gg i (x) m3 muoxecTBa Gi.

Bce pebpa gepeBa D, Bxogsinue B JTUCThsI, 00bIBUM MPEINKATHBIMEI W TPUITUATIIEM KayKIOMY
TaKoMy peOpy, BeAylieMy B JINCT C 3alUCBIO Y, mpeankar f, ,(x) u3 MHokecTBa F.

Jlns ynobcTBa JanbHEHIIero m3/0KeHnsT Ha30BeM MHOXKECTBO IepeK/JIIoYaTeTbHBIX pebep
JnepeBa D mepek/TioYaTeIbHON 9acThbio JAepeBa ), a MHOXKECTBO HPEINKATHLIX pebep — mpeau-
KaTHO# YacThio aepesa D.

Terepb u3 Kaxkaoro Jmcra «; (i = 1,k — 1) BeimycTum pebpo, Beaylnee B JIHCT (i1, W

NPHUIHIIEM eMy Hpeaukar fy. . ... € Fi.
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1o MHOXKecTBO U3 (k — 1)-ro peGpa Ha30BeM MPABOCTOPOHHEIT KOHIEBO IEMbIO.

Tenepb u3 BepUIMHB [y (HATOMHHM, YTO 3TO BEpIIMHA, B KOTOPYIO BeJeT MpaBoe pedpo,
MCXOJISAIIee U3 KOPHsI) BhImycTuM m — 1 pebpo, npunuimeM uM dncjaa ot 1 10 m — 1, o6bsasumM
B2 TOUKOIi TMepeKIoUYeHns i MpHIHIeM eii mepekmouarens gy, € Gy (HamoMHmM, 9TO M —
BBeJIeHHBIT panee mapamerp). OTMeTuM, 4To u3 [y MbI BHIIYCTHIH UMEHHO m — 1 pebpo, XoTs
MePEeKTIOIATE N ¢, MOKET IPUHIMATH 1712 3HAUCHIi,

Komer pebpa, ncxomsmmero u3 Bepmubl [y 1 UMEIOIero Homep i, 06o3nadnm ..

Beenem MHOKeCTBO HOMEPOB S = {51, ..., Sy 1} TAKOE, 9TO S; — HOMEp 3anucu u3 V' Takoi,
aTo Y, — OamKaiimas cieBa 3amuch K Touke i/m (i = 1,m — 1), a ecjim Takoil 3amucu me
cymectByet, TO §; = 0.

BosbmeMm k HOBBIX TOUEK, OOBSIBIM HX JINCTHSIMA U 0003HAYNM . . ., o). Kaxkmomy smcty
o; (i = 1,k) npummmenm 3amuch 3; (TeM caMbiM KarKjas 3alich y; Oy/leT TPUIHCAHA JBYM
THCTBAM — o 1 o). U3 Kazxaoro mucta o, (i = 2, k) BoImycTaM pe6po, Beaymmee B JIHCT o) |,
H IPHINIIEM eMy Ipeguxar f,, .. . € Fi.

1o MHOXKecTBO U3 (k — 1)-ro peGpa Ha30BeM JIEBOCTOPOHHE( KOHIIEBOIl EMbio.

Tenepn 1t KazK/10# BEPIMUHBI [3; TpojeaaeM cieayiomue geiicrsus. Ecian s; # 0, 1o u3 ]
BBRITTYCTHM DeOPO, Bejlyliee B JINCT (,, W TPUITAIIeM eMy npeaukar f, ., € Fy. Eemn s; < yy,
T0 U3 3] BHIyCTUM PeOpPO, BeJyIlee B JINCT (i, 41, U IIPUIIUIIEM eMy IpejuKkar fy . . ., € Fi.

DT0 MHOXKECTBO pebep, ucxoadmux u3 Bepumd ) (i = 1,m — 1), Ha3oBeM mpaBoil mpe/Tu-
KaTHOU YacCTbIO.

[Tony4aennyto Takum obpaszom VCIT obozunatunm 1gepes U.

[Tokazkem, aro cerb Uy permaer ogHOMepHY0 3a1a9y nHTepBaabHOoro noucka I = (Xium, V, pintn)-

Kazkmast 3amuch y; € V' cOOTBETCTBYeT POBHO ABYM JiucTham cetu Uy, T.e. Ly, (y;) = {;, ot}
Tax xak O(Y, pintn) = Ny,, ¥ TAK KaK B KaxKJIBIH JTHCT (; U @y BEJYT TOILKO Pedpa, KOTOPBIM
IIPHUINCAHBL TPEAUKATHL fy, ,;, TO

Napai\/goa; g O(yza pintn)-
Toraa cormtacHo TeopeMe 1 JT0CTATOYHO MOKA3aTh, UTO I JII0O0TO 1; € V
Nﬁpai\/kpa; 2 O(yz; pintn)a
WM, 9TO TO YK€ camoe, MoKa3aTh, 910 st Vo € O(Y;, Pintn) THOO

(Poéi(x) =1,

b0
(100/1. (IL’) = 17

TO €CTh U3 KOPH# JIMOO B JINCT (v, JIMOO B JIUCT (/) CYMECTBYET MPOBOJAIIAS TETb.

O6o3uaunv A, = {x = (u,v) :u < v <u+a}.

Bo3bMeM npon3BoabHyO 3ammch y; € V.

Paccmorpnym cragana ciyvait, korna @ = (u,v) € Ay/m N O(Ys, Pintn). DTO O3HAUAET, UTO
v—u<l/munu<y <wv.

[Tokarkem, 9T0O U3 KOPHSI B JINCT (v; CYIIECTBYET ITPOBOJISIINA [EITh.

B paccmarpuBaeMoM ciydae gi’/m(x) = 1, u mpoBoaumMocThb pebpa (o, f1) Oyaer pasua 1.

OrmernM, 9TO TPOBOANMOCTE pebpa (o, f2) Oymer pasua 0.

[To anamoruu ¢ Teopemanvu 6 u 7 HETPYIHO 3aMETUTh, 9TO B jgepese D (pacryiieMm u3 Bep-
IAHBL (3)) CYIIECTBYET IPOBOIMAMIAs Ielb, Beaylmas u3 1 B TaKOil JMCT (vj, 9TO 3alUCh Y,
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OamzKaiiinast crpaBa K u TOYKa n3 V| NIpUHAJJIe)KAIAst OTpe3Ky [u, v] (Takas TOYKa CymiecTBy-
er, Tak Kak y; € [u,v]). Takum obpasom, ciupasemmnso u < y; < y; < v. OTCIOAA JIETKO BHIETH,
9TO YACTH IPABOCTOPOHHE( KOHIIEBON IENN, BeAyIas U3 Y, B Y, SABISETCS IPOBOISIIE.
Takum 06pa30oM, MBI TOKA3a/IM HAJHIHE TIPOBOIAIICH Ha 3aIIpoce X IEIH, BeIyleil n3 KOpHs
B JIUCT ;.
Ormernm TakKe, 4TO Qg (x) = 0, Tak Kak B JHCT (/; MOYKHO TIONACTh TOJBKO depe3 pebpo
(Bo, B2), MPOBOAMMOCTH KOTOPOIO Ha 3alpoce T, KaK Mbl yzKe oTMedasn, paBHa 0.
PaccMoTpuM Tenepb caydail, Koraa

r = (u,v) € (X\Ai/m) N OYs, Pintn)

To ectb v —u > 1/muu <y <wv.

B srom ciyugae gf/m(x) = 2 u mpoBoaAUMOCTE pebpa (S, B1) Gyaer pasua 0, a pebpa (S, 52)
paBHa 1.

[Tycrs j € {1,m — 1} — rakoii Homep, uro j/m — GanxKaiinas cnpaBa K % TOYKa. JIerko
BUJETD, 4TO g1, () = j.

Tak kak v — u > 1/m, To TOUKa j/m MPUHAITEIKUT OTPE3KY [u, v].

Paccmorpum gBa caydas.

1) yi <j/m.

Torma u < y; < ys, < v, TaK KaK Y, — OJWzKaiinmias cjaeBa K j/m 3anuch u3 OHOIMOTEKH

J ) J

V. Orciona ciiesyer, 4To 1IpOBOAMMOCTH Pebpa, Bejylero us (3; B et a’sj pasna 1. Ocraaoch
3aMeTHTb, YTO MPOBOJUMOCTH YACTU JIEBOCTOPOHHEH KOHIEBOW Tienu, BeyIneil u3 a’s]_ B af,
Takzke Oymer papHa 1, Tak kak 0 <y; <y, <.

OrmveTnM TakzKe, 9TO B 9TOM CJIydae @, (r) = 0, Tak Kak B JIyqIIeM caydae Mbl TONAIeM
B BEPIINHBI IPABOCTOPOHHE! KOHIIEBOU LENH B TOYKE (5,1, KOTOPas B 3TOI HeNn HAXOAUTCS
OC/Ie TOYKH (;.

2) yi > j/m.

Torma u < ys;41 < y; < v. OTcioga ceayer, 9T0 TPOBOJUMOCTL pebpa, BeIyNIero us3 5]’-
B JICT Qls; 41, PaBHA 1, m TpOBOMMOCTh YaCTU MPABOCTOPOHHEH KOHIEBOH Ienu, BeayIieil n3
Q5,411 B @, TaKKe paBHa 1 Ha 3ampoce .

AHAJIOTHYHO MPEIBIAYIIEMY CIydao @y () = 0.

12

Tem cambiM MBI OKazaau, uto ai1d Vy; € V u Vo € X @ zpjumy; B cetn Uy cymecTByer
IIPOBOJIAIIASL HA 3aIIPOCE X Elhb, BeJIyIas U3 KOPHS B KaKOii-1u60 (HO POBHO B OJIMH) U3 JIUCTHEB
a; 1 Q.

Yro u pokaszwpiBaet, 4to ceth Uy pemaer 3aiady 1.

[Toacunraem Tereps ciaoxkuocTh cetu U.

PacemoTpuM cHavasIa IpOU3BOIbHbIA 3a1poc o € Ay /p,.

B sTom coygae

T(Ug,z) <14 (Jlogk[—1) + 2+ |T (x)|.

3/1eCh epBOe CIaraeMoe COOTBETCTBYET BBIYACICHUIO MEPEKTIOUATENS () /m B BEPIIHHE Bo.
Bropoe crraraemoe gaior nepekodaTe s, BXOAANINE B e IMHCTBEHHYO TPOBOISIIYIO Elb, MPO-
JIETAIOIIYIO Yepe3 IMepeK/IovaTebHyio JacThb Jiepesa D. Tperbe cilaraeMoe cOOTBETCTBYET Bbl-
YUCJICHUIO OJHOTO WJIM JIBYX IMPEJIUKATOB, COOTBETCTBYIOIIMUX ITPEJIUKATHLIM peOpaM U3 Ipe iu-
KaTHOW YacTu JiepeBa [, pacTymuM u3 BEPHIMHBI, B KOTOPYIO BeJET IMPOBOJMIINAs Ienb. Jer-
BEpPTOE CJIaraeMoe COOTBETCTBYET BBIUUCIEHHUIO MPEeTUKATOB, COOTBETCTBYIONINX pedpaM, HCXO-
JIAIIAM U3 JINCTHEB, 3alUCH KOTOPHIX BXOJAT B OTBET (IO OJHOMY HA KAYK/IYIO 3aIUCh).

Paccmorpum Tenephb ciydait, korma 2 € X\ Ay m-

Torna

TUp,z) <1+1+2+|T(x)l
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5

31ech mepBoe caaraeMoe COOTBETCTBYET BBIUNC/ICHUIO TE€PeKTIoYaTeNs () /ms BTOpOE — TIe-

PEKJIIOIATENS g . W3 BEPIIUHBI B2, TPEThE — BBIYACIECHUIO OJHOTO WA IBYX MPEIUKATOB, TIPH-
)

MUCAHHBIX pedpaM, UCXOIAIIIM U3 TOH BEPITHHDI B;-, B KOTOPYIO BeJeT IIPOBOIAIIee pedpo u3
By. U, HakoHel, deTBepTOE C/IaraeMoe, KaK W paHee, COOTBETCTBYET BBIYUC/IEHWIO TPEJINKATOB,
COOTBETCTBYIOIMINX pedbpaM, UCXOAAIINM U3 JINCTheB, 3alNCH KOTOPHIX BXOIAT B OTBET. Kak Mbl
noKa3aJii pamee, Jjis JIIOOOI 3aImucu y;, BOIIEIIIel B OTBET, POBHO y OJIHOTO U3 JINCTHEB (v; W
o) dyukug dbuabrpa Oymer paBHa 1, U, ce10BaTeNbHO, KaZK/I0 3aMUCH COOTBETCTBYET POBHO
OJIHO pPeOpO M COOTBETCTBEHHO POBHO OJUH BBIUYHMC/ICHHBII ITpeIuKaT.

Tereph MBI MOXKEM TIOACYUTATH CJA0KHOCTH ceTn Uy.

T(U) = M, T(Usx) =P(Aim) - (2+]logk]) +
+P(X\Ayym) - 4+ M, [T ()] <

< P(Aim) - (logk] = 1) + 4+ > P(O(Y, pinin)) <
< ¢-([logk] —1) (% — %) +44 Y POy, pinin)) <
< ([loik] i) Y > P(O(Y, pintn)).

yev

MCHOJIbByeMOQ 3/1€Ch paBE€HCTBO

M, |J ()| = >_ P(O(y, pinta))

yev

JOKAa3bIBaeTCA MIPOCTON CMEHON MOpsAKa CYMMUPOBAHUA.
[Toacuntaem obwem ceru Uy:

QUy) <2+ 2k—1)+(k—1)+(k—1)+m+2m.

3/1ech mepBoe caraeMoe COOTBETCTBYeT pebpaMm, ucxomsamum u3 3. Bropoe ciraraemoe ecthb
KoJIn4IecTBO pebep B jiepeBe D. Tperbe u yeTBepTOE CIaraeMbie COOTBETCTBYIOT pebpam U3 mpa-
BOCTOPOHHEil 1 JIEBOCTOPOHHEHl KOHIEBHIX Iemouek. [Iaroe caaraemoe — 3To pebpa, HCXOIAIIne
13 BepIIUHHBI (5. 1, HAKOHEI, IIecToe caraeMoe He MeHbIIe, YeM YHCI0 pedep, UCXOASINX U3
sepimn 3, (i = 1,m).

Bosbmewm B kadecrse mapamerpa m = 2 ¢ [log k| u nomyanm

yev

Q(Uy) <4k —1+6c[logk],

4TO U JOKA3BIBAET YTBEPKIEHIE TeopeMbl 8 B caydae n = 1.

Jaanv mHedopMaIbHOE OMUCAHKE AJTOPUTMA, MPUBEIEHHOIO BHIIIIE.

[Tycts Ham gano MHOXKecTBO V' = {y1,...,Yr}, B KOTOPOM MbI JOJIZKHbBI TIPOMU3BOIUTE MO~
nck. CHavajga ymopsao9uM ero B MOPsJIKe BO3pacTaHus. EC/IM W3BECTHa OIEHKa CBEPXY €
GYHKINY JIOTHOCTH BEPOSITHOCTHU TOSIBJIEHUS 3aIlPOCOB, TO B KadecTBe Hapamerpa m BO3b-
mem m = 2c¢[logk], eciu X)e ¢ HEM3BECTHA, TO BMECTO Hee MOXKHO B3SThb JIIOOOE YHCIO, Ha-
npumMep, ¢ = 2. 3areM Jist V' MOCTPOUM MHOXKeCTBO HOMepOB S = {1, ..., Sm_1}, ONUCAHHOE
Bhime. OTMETHM, 9TO OHO CTPOUTCS TOJTBKO OMHAKILI. Temeph MOMCK IO MPOU3BOIBHO B3ATOMY
MHTEPBAIY-3a1pocy T = (u, v) MPOM3BOAUTCS CJELYIONHM 00Pa30M.

CHauajia BBIYHUC/ISIETCS JIJIMHA 3aTPOCA .
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Ecau ona menbine, gem 1/m, 10 B MHOXKecTBe V' JIMXOTOMHYECKHM MOMCKOM HAXOIUTCS
Oykaiiias cpaBa K TOYKe u 3anuch. /lajee, HauWHAs ¢ 9TON 3aMUCH, TTPOCMATPUBAIOTCS
cJeBa HAIMPABO BCE 3AIUCH U3 V M CPABHUBAIOTCI C MPABBIM KOHIIOM 3alpoca — TOYKOH v —
JIO TeX TOp, MOKa ovepeHas 3aluch He cTaHeT OoJiblre v. TeM caMbIM B 3TOM CJIydae, IOMUMO
HepevYncIeHns: OTBeTa, MPOU3BOAUTCS Topsijika log k jelicTBuii.

Ecmu v — u > 1/m, 10 ¢ momombio yHKIHR gim IOJIy4aeM HOMep j TOYKH j/m, moma-
natomieii B uuTepBas [u, v]. Temeps, HAUWHAS ¢ 3aIHCH ¢ HOMEPOM S;, IPOCMATPUBAEM CIIPABA
HAJIEBO 3alMch W3 V' W CpaBHHUBAEM C JIEBBIM KOHIIOM 3aIllpoca — TOYKOi u. Kak ToibKo ode-
pejiHast 3aIiCh OKayKeTcs MEHbIIe U, MBI, HA9WHas € 3aIlICH C HOMEePOM §; + 1, mpocMaTpuBaeM
cJeBa HaIpaBo 3amucu u3 V' ¥ cpaBHUBAeM C MPaBbIM KOHIIOM 3allpoca — TOYKOH ¥ J0 Tex
op, MOKA OvYepe/IHAs 3alMCh He CTaHeT 0oJiblme v. TeM caMbIM B 3TOM CJIydae MbI, TTOMHMO
IEPEYUCIeHNsT OTBETA, IPOU3BOAUM 4 JINITHAX JeHcTBUs (CpaBHUBAEM v — u ¢ 1/m, BeIYHCIsIEM
dbyukIIo gim, nenaeM 1 juiHee MeiicTBHUe, U8 COpaBa HAIEBO, W 1 JinITHee JeiicTBUe, WIS
CJIeBa HAIPABO).

Ocrasoch 3aMeTUTh, YTO MapaMerp m TOJ00paH TaK, YTO CPEIHSsS CI0XKHOCTH IEepBOTO
caydas He TpeBBIIaeT 1, ecid W3BECTHA OIEHKA CBepXY (DYHKIUHU MJIOTHOCTH BEPOSITHOCTH, U
He MPEBBINAET HEKOTOPOIl KOHCTAHTHI, €C/IN 9T OINEHKA TOYHO He W3BECTHA.

U, makoner, 3aMeTuM, 9TO JAHHBLIH AJITOPUTM TpeOyeT TOMOJTHUTETHHYIO MaMSITh MOPSIKA
log k, 9TOOBI XpaHUTH MHOZKECTBO S.

2.4.2 MHoromepHBbIii ciryvait

[IpuBeneM mokazaTeIbCTBO TeopeMbl 8 mpu 1 > 1.

B gaHHOM mMyHKTE MBI BOCTIOJIB3yeMcs Jist Hatneil oubanorekn V = {7y, ..., §x} HOHATHSIME
1 0DO3HAYEHUSIMHU, ONPEJICTIEHHBIMI B COOTHOTEeHHsX (2.16)—(2.34).

Pemarn 3amady OygeM MeTOIOM CHUZKEHHs pa3MepHOcTH. [TokarkeMm, KaK MOXKHO IepeiTn
OT perlieHnst N-MepHOil 33/Ia4i HHTEPBAJIBHOIO MONCKA K pereHnio (n — 1)-MepHOii 3a1a4u.

[Tycts & = (u1, V1, ., Up, Uy) € Xingn — TPOU3BOIBHBII 3aIIPOC.

Cuauasa naiiziem taxyto napy (y',y") uz Y, uro y' — Gimwkaitmas cupasa K u; TOUKa u3
muozkecrsa M (manomuum, uro M onpesnessiercst cootnomenuem (2.22) u ABjIsieTcst 1POEKI-
eit V' Ha mepByo KoopamHary), a y" — GamKailinas cieBa K v; TOYKA U3 Myl,, OTIPeJIeIIEMOTO
coornorenneM (2.23). Ecin Takoit mapbl HeT, TO OTBET Ha 3alpOC T IYCT, eCJU YK€ eCTh, TO
MBI MOZKEM MEepeHTH K PEeIIeHuo Jiisd 3anpoca &' = (ug, Vg, ..., Uy, vy) (n — 1)-MepHOii 3372~
49U WHTEPBATBHOTO IMOUCKA B MHOKecTBe 11Y2-9n(V2(y' y")), Tak xax mmoxkectso V2(y', y"),
onpesessieMoe coorHorenneM (2.21), comeput Bee T09ku § = (y1,...,Y,) € V Takume, uro
up < yp < g

Takum crocoboM MBI 3a 1 — 1 ImIar npuaeM K OJHOMEpHOH 3aJade MHTePBAILHOIO MOMCKA,
pelrenre KOTOpOi Mbl OIUCAJIN paHee.

Omnumem MCII, koTopag permnaer 3a1a4y I OMUCAHHBIM BBIIIIE METOIOM.

[Tycts y € M, oboznaunm

X' =X, Xy ={Fe€X":u € Z,(M")}. (2.43)

3

ycrs 7' = (yb,ys, ...,y Ly ) € Y g € MP(3°1), rme i = 1, n, Torga o603HaqmM
X = {5 € XTNG) v € 23 (MUY, i =T (249

X, () ={zeX'F ") uweZ, (MG ")} i=2, (2.45)

S



40 MrraoBeHHO pemnraeMble 3aaqd MOUCKA

PaccMorpum cieyroniyo 3a1ady OucKa;: JJist IPOU3BOJBLHOTO 3a1poca & = (Uy, V1, .. ., Up, Un) € Xip
HaiiTi B MHOKecTBe M, 3a/1aBa€MOT0 COOTHOTITEHIEM (2.22), Touky, 6HzKaIIyo ClpaBa K TOY-
Ke up. OTa 3aga9a (06o3HaumM ee ') cooTBeTCTBYeT mepBoil 3ajaue 0 GJIM30CTH, B KOTOPOH B
KauecTBe OMOIMOTEKH B3ATO MHOKecTBo M, B KadecTBe MHOZXKECTBa 3aIpOCOB B3fATAa IPOEK-
nus MHO’KecTBa X ' Ha OCh ), TO ecTh oTpe3ok [0, 1], a BeposaTHOCTHAs Mepa BePOATHOCTHOTO
MPOCTPAHCTBA HAJ[ MHOXKECTBOM 3aIlPOCOB OMpejIe/sieTcss (DyHKIMeld TIOTHOCTH BEPOSITHOCTH
p"'(uy), 3amasaemoii coornomennenm (2.33) u spjistiomielics He YeM UHBIM, Kak (byHKIUed 110T-
HOCTH BEePOATHOCTH KOOPIHHATHI 1] 3allpOCOB, IIPHHAIIEKAIINX MHOKECTBY X 1.

[Tycts m — mapamerp, OMpee/sONnii MOIITHOCT Pa30dWeHnsT MHOYKECTBA 3a1mpocoB. Ecn
pa3buTh MHOXKECTBO 3ampOCOB, TO ecTh 0Tpe3ok [0, 1], Ha m paBHBIX 9acTeii, Kak B mpuMepe 1
U3 MYHKTA O MOWCKE WJIEHTHIHBIX OOBEKTOB, TO BEPOSITHOCTD KaK/I0il 9acTu OyJeT He DOJIbIIe,
qeM ¢/m, TaK KaK B CHJIy CIenuaabHoil orpanmdennoctd phl(u;) < c. To ecTh MBI HaxomUMCS
B YCJIOBHSIX TEOpPEMBI 7.

[Tosromy nocrpoum VCIT U! | pematontyio nepeyio 3ajady o 6JIM30CTH Tak, Kak ObLIO OIlH-
CAHO B JJOKA3ATEJIBCTBE TEOPEMBI 7, T/Ie B KATecTBe mapamerpa m BosbMem m =|c- | M*|[. Torna
Q(ULY < 2k+]c- k[ m T(UL) < 2.

Bamenum B cetn U, mepek/odaresb g, Ha g, a BCe MePEKTOUATeTH BHIA gzﬂ Ha giyﬂ,
MOCKOJIbKY MBI BCE K€ XOTHM, uTo0bt Ul pemmama 3amaqay I

BosbMeM 1pou3BO/IbHbIA JucT o cetu UL .

[IycTs emy cooTBeTCTBYeT Touka y € M.

MpbI nomajieM B JIMCT « IPU BCeX 3ampocax & = (Ug, Vg, ..., Up, Up), ¥ KOTOPHIX TOYKA Y —
omzKaitmag cpaba B M K u. JIerko BUeTh, 9T0O 3TO 3aIIPOCEH 13 MHOYKECTBA Xyl, 3a/1aBAEMOT0
coorromennenm (2.43), 0 ectb @, () = 1 amsa mo6oro z € X, .

Terepb paccMOTPHUM CJIEYIONLY IO 33/a9y TTOUCKA: JJIsT IIPOU3BOIBHOTO 3anpoca & = (U1, U1, . . ., Up, Uy
HAWTH B MHOXKECTBE M;, 3a/IaBAeMOM COOTHOTIeHHeM (2.23), TOUKY, OIMKARIIYIO cieBa K TOY-
ke vy. Dra 3a1a4a (0603HAUUM ee I;) COOTBETCTBYeT BTOPOIi 3ajade 0 OJTU30CTH, B KOTOPOii B
KavyecTBe OMOTMOTEKH B3dITO MHOZKECTBO M;, B KaUeCcTBe MHOYKECTBA 3aIIPOCOB B3ATa MPOEKITHS
MHOKECTBa X?} Ha OCh U1, TO ecTh OTpe3oK [y', 1], rme y' — JeBbIii KOHel| OTpe3Ka Z;(Ml),
3a/1aBaeMOro cOoTHOIeHneM (2.24), a BepOSITHOCTHAST Mepa BEPOSITHOCTHOTO TIPOCTPAHCTBA HAJ
MHOZKECTBOM 3aIPOCOB OTpejieisdeTcs (DYHKIHe TIIOTHOCTH BEPOSITHOCTH p;’Q(vl), 3a/1aBaeMOit
coorHomenneM (2.34) u gBistoleiicss He YeM WHBIM, KakK (DYHKIHEil IIOTHOCTH BEPOSATHOCTH
KOOP/JIMHATHI ¥y 3aMPOCOB, MTPUHAIEYKAIIIX MHOKECTBY Xyl.

TaK KaK B CHUJIY CHeL[HaJIbHOﬁ OI'PaHUYEHHOCTHU

py () <¢/(1—y),

TO ecJim pa3buTh MHOYKECTBO 3allPOCOB Ha, 1M PABHBIX YacTeil, BEpOATHOCTDL KazK10i JacTn Oy1er
e Gosbime, ueM ¢/m. To ecThb MBI MOZKEM BOCHOIb30BAThCA AITOPATMOM, OACAHHBIM B TEOpeMe
7.

[Tocrpoum cerh UMY, pemaroutyio 3agauy I;. JI1st 3TOTO CHAYaJIa MMOCTPOUM CeTh, Pelrato-
ILyI0 BTOPYIO 3ajady o Gamsocti aist MuOKectsa M, (orveriw, uto M, # (), rae B kauectse
mapanmeTpa m BosbMem m =|c - | M|[. Sarem samennm B cetn U, mepexmodarens g, Ha g7,
a BCe TMepeK.TioYaTe I BIIA () | Ha g1, 5+ TIOCKOJILKY CeTb UyY momzHa pemarh 3a1ady 1.

JIerko BuIeTH, YTO

1, _ 1 1 1
QUY) =2+ |My|+]e- [M,[[< [M,]-(2+¢) +1

T(ULY) < 2.
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O0bsiBUM (v BHyTpeHHEIl BEPIIMHON U yOepeM MPUINCAHHYIO eif TOUKY Y.

Tenepnb oToxIecTBUM KopeHb cetu UMY ¢ pepmunoii a, T.e. cerb UMY Tenepn Gyjer pacru
U3 (v, IpudIeM « He OYIeT MOT0COM TOTYIeHHON COeTH.

1, makomern, 1yig Kazxaoro aucta o cetn ULY 3aMenuM mpunmucannyio aucty o Touky y' Ha
napy (y,y'). ry napy Gyjaem BocupuHUMATh Kak obo3Hadenne muoxkectsa V2(y,y'), 3a1annoro
coornomrennem (2.21).

1

IIponemaem Takyio oneparuio s Kazkjaoro jaucra cetu U,,.

[Tonydennyio cerb oboznaunm U .

Ona umeet He 6osee k(k+1)/2 mucTheB, KOTOPHIM B3AUMHO OJHO3HAYHO COMIOCTABJICHBI MAPbI
u3z V1. D1a cers nospoaser s j1o6oro sanpoca & = (Uy, Ui, - - ., Uy, V,) € X HAXOAUTH HAPY
(v',y") € Y takyio, uto y' — Gauxaiinmast cipasa K u; Touka uz M', a y" — Gimkaiimas ciesa
K U1 TOYKA U3 Myl,, eCJIM, KOHEYHO, TaKasl Mapa CyMEeCTBYeT, T.e. M0 CYTH MO3BOJISET HAXOINTH
MHOKeCTBO Touek V2 (y',y") C V, KoTopble yJ0BIeTBOPAIOT IepBoii mape HepaBeHcTs u3 (2.15).

Tak kak B cetn U}, TonbKo 1 aKTHBHBIT My Th, TO

TUYY <TUL) + max TUY) <2+2=4.
JIerko BueTH, 9TO

QUNY<2+k+14+k+(2+c) Y [M)|=k(k+3)2+c)/2+k+1.

yevi

OmnumremM JOCTATOYHO IOAPOOHO U CJIACAYIONIMIi Al MOCTPOCHHS CETH, PEIIAOIIeii MHOTO-
MEDPHYIO 33Ja4y MHTEPBAJIBHOIO IOUCKA, Mpeojaras, 9ro n > 3 (mpu n = 2 310T mar He
oTpedyeTcs ).

PaccMOTpHM MPOm3BOIBHLIN AHCT o cetn UL,

[Tycth emy cooTBercTByeT mapa (y,z) € Y1

Ormernm, aro V2(y, z) me mycro.

Tenepn GyeM CTPOUTH ceTh, KoTopast st MuHoKecTBa V2 (y, 2) Gyaer pemars (n—1)-mMepuyio
3a/a9y MHTEPBAJIBHOTO TIOMCKA, W BBIIYCTHM 3Ty CeTh U3 BePHIMHBI (V.

3aMeTHM, 9TO TOJNBKO 3aIpochl M3 MHOxKecTBa X 2(y, z), ompeaesseMoro COOTHOIICHHeM
(2.44), nonasal0T B BEPIIMHY (v, TO €CTh

o) =1 <= 2 =€ X2(y,z).

[TosTOMy pacCMOTpHM CHEAYIONYI0 3a1ady I[OMCKA: s  HOPOU3BOJILHOIO  3aIpoca
T = (up,vi,...,Unv,) € X?(y,2) naiitu B muoxkecrse M?(y, z), gBjsionierocs mpoekiueii
muokectsa V2 (y, z) Ha BTOPYIO KOODJMHATY U 33/1aBaeMOro cooTHolenneM (2.22), Touky, 6.u-
JKaMIIyIo cripaBa K TOUKe Uy. JTa 3a1a4a (06o3naunm ee [%(y, 2)) cOOTBETCTBYeT MepBoil 3a1a4e
0 6JIU30CTH, B KOTOPOHl B KadecTBe OMOJHOTEKH B3ATO MHOZKeCTBO M?2(y, z), B KadecTBe MHO-
JKeCTBa 3allpOCOB B3ATa MPOEKIUa MHOKecTBa X 2(y,z) Ha 0Cb Uy, TO ecTh orpe3ok [0,1], a
BEPOATHOCTHASA Mepa BePOSTHOCTHOIO MPOCTPAHCTBA HAJl MHOKECTBOM 3alPOCOB ONpeIeIaeTcs
byHKIMER TIOTHOCTH BEPOSTHOCTH p?g’jz) (u1), 3aaBaemoii coorHoteHreM (2.33) u sBISIOIeCsT
HE YeM WHBIM, KaK (DYHKIUEH MJIOTHOCTA BEPOSTHOCTH KOOPIUHATHI Uy 3aIPOCOB, MPUHAJIIE-
Kamux MHOKecTBY X 2(y, 2).

Tak Kak B CHIy CIICIMUATLHON OrpaHUIeHHOCTH

2,1
Pl () < ¢

TO eCJI pa3dUTh MHOXKECTBO 3alIPOCOB HA 1M PABHBIX YacTeil, BEPOSITHOCTh KazKI0i 9acTu Oyaer
He Gostbiire, 4eM ¢/m. To ecTh MBI MOKeM BOCIIOJIB30BATHCS AJITOPUTMOM, OIMTHCAHHBIM B TEOPEMe

7.
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[TocTtpoum ceth Uﬁ;(%z), pematongyto 3anady [2(y, z). Jlasg 3Toro cHauaja MOCTPOUM CeTh,
pelalIyo BTOpyIo 3aja4y o 6ju30cTH J1/1s Muoxkectsa M2 (y, z) (ormerum, uro M?(y, 2) # 0),
rae B KadecTBe mapaMeTpa m BosbMeM m =c - |M?%(y, z)|[. arem 3amenmm B cetn UZY?)
MePEeKTIOIATeNb gy, HA g5 ., & BCE MEPEKTIOYATETH BHIA 9135 Ha gg’yyﬁ, MOCKOMBKY ceth UZY?)
JOMZKHA pemaTh 3a1ady 12(y, z).

JIerko BueTH, 9TO

QUEW) =2 M (y, 2)|+]c - |M?(y, 2)|[< | M?(y,2)] - (2+¢) + 1

T(U%Y2) < 2.

BosbMeM nponsBosbubi et o cetn Q(UAY),

[Tycth emy cooTBercTByeT Touka y' € M?(y, z).

MpI onazeM B JTUCT ' OpU BCeX 3ampocax T = (uq, Uy, ..., Uy, Up), Y KOTOPBIX TOYKA Y’ —
omiKaiimas cupasa B M?(y, z) K uy. JIerko BHJETH, 9TO 3TO 3allPOCHI U3 MHOXKECTBA Xj,(y, 2),
3aJaBaeMoro coorrormrenueM (2.45), To ecrn

Yo (r) =1 =z =€ Xj,(y,z).

Temepb paccMOTPUM CIEIYIONIYIO 38129y TTOUCKA: TS IPOM3BOJILHOTO 3ampoca T = (ug, vy, . .
Hajiti B MuoxkecTse M7 (y, 2), 3amaBaeMom cooTHomenneM (2.23), TOUKy, GmKaiImyio ciepa
K TOUKe vy. ITa 3a1a4a (o6o3madmm ee I7(y, z)) cOOTBETCTBYeT BTOpOIi 3a1ade 0 GIH30CTH, B
KOTOPOil B KadecTBe OMOJIMOTEKN B3SITO MHOYKECTBO Mg, (y,2), B KauecTBE MHOMKECTBA 3aIpPO-
COB B3siTa MPOEKIHst MHOKecTBa X (Y, 2) Ha OCh Uy, TO ecTh oTpe3ok [y, 1], rae y" — neswrii
Kowern orpeska Z, (M?(y, z)), 3amaBaemoro cootHomenyeM (2.24), a BepOSTHOCTHAS Mepa, Be-
POSTHOCTHOTO TMPOCTPAHCTBA HAJT MHOYKECTBOM 3aIPOCOB ONpeessercs GbyHKIHel IOTHOCTH

2,2 ) ,
BEPOATHOCTH P,y /(v2), 3a7aBaeMoll coorHomenueM (2.34) n ABIsAIOMIeica He 1eM HHBIM, KaK
) )
dyHKIMEH MIOTHOCTH BEPOSTHOCTH KOOPJUHATHI Vs 3aIlPOCOB, MPUHAJIEKAIAX MHOYKECTBY
2
Xy/ (y, Z) .
TaK KaK B CHJIY CHeHHaJIbHOﬁ OI'pPpaHUYEHHOCTHU

2,2
p(y,z),y/(UQ) < c/(l _ yl//),

TO eCTH pa3bUTh MHOZKECTBO 3aIPOCOB Ha 1M PABHBIX YaCTel, BEPOATHOCTDL KaxKI0i yacT Oyaer
He Gosibiie, yeM ¢/m. To ecTh MBI MOYKeM BOCIIOJIB30BAThCS AJITOPUTMOM, OMUCAHHBIM B T€OPEME
7.

[TocTtpoum cerh Ufn’(y’z)’y', peramIyn 3a1ady I;,(y, z). Jlust aToro cHadama IOCTPOUM
CeTh, PEHIAIONLYI0 BTOPYIO 3aJa4y O OJU30CTH I MHOMKECTBA Myz, (y,2) (ormermm, d9TO
M3 (y,z) # ), te B kauectBe mapamerpa m BosbMem m =|c - | M7 (y, 2)|[. BaTem 3amennm
B cetn UL nepexiouarens gl Ha g3 ,, a BCe NEPEK/IOUATeH BIla g2 , Ha g5, TIOCKOJIb-
Ky cerh U2V nomkna permarh 3amaqy I (y, 2).

JIerko BuIeTH, YTO

QUURY) =2 My (y, 2) [+]e - [ My (y, 2)|[< [My (g, 2)| - 2+ ¢) + 1

T2V < 2.

O6bsgBUM ' BHYTpeHHell BepIInHOil n ybepeM IPUIUCAHHYO eii TouKy y'.
/ /
Tenepb 0TOXKIECTBUM KOPEHb CETH Ufn’(y’z)’y C BEPIUHOI o/, T.e. ceTh Ufn’(y’z)’y Terepb Oy/1er
pactu u3 o/, upudyem o He OyHeT IMOIICOM MOJIYUYCHHONH CeTH.

'7un7vn
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!
11, makower, js Kazxoro jmcra o cern U2V samennm npunucannyio ancry o Touxy
" !/ "
y" na uersepky (y, 2,9, y").
2,(y,z

[Tpo/eaem Takyio ONMEpPaIMIo Ui KaxKaoro jucra ceru U217,

IMosyuennyio cerh oGosnadmm U7 .

Tenepb 00bABAM (v BHYTPEHHEl BepHIMHOMN, ybepeMm MpunucaHuyio eil mapy (y,z) u 0TOXK-

2 2

nectBuM « ¢ Koprem cern Uy, me. cerb Uy , Oyner pacru u3 a.

[IpofenaeM TaKyio olepaluio Jjid KazKJIoro jJucTta cetn Ul

[Tonyuennyio ceTb ob6o3naunm U2,

2

Cernb U? umeer ne 6oiee (k(k + 1)/2)° mcTbeB, KOTOPHIM COOTBETCTBYIOT YeTBEPKU U3 MHO-
’KecTBa Y2, mpudeM KaxKaasd deTBepka §° = (yi,ys, y?,y3) BOCIPHHEMACTCA KaK ODO3HAUEHHE
muOKecTBa V3(g?), onpenensemoro coornomennenm (2.21).

Jlerko Bugets, aro T(U?) < 8 n

QU* < QU Y+ (2+¢)-

> M+ X M) ]+

(yiy3)eZ! yeM?(yly3)

+ X 1+ ehw)])] <

(yi,y3)eZ!

< (24 <k+k(k+ )>+k+1+
(kk k(k +1) 2)+
kD) kk+1 ( : )

< (240 (k(k+1)(k+2)+(@> )

Janee n3 U? aHaJ ormIHBIM 06pa30oM HOIy4nM ceTh U3 u T.jI.

Ha (n — 1)-M mare Mb moyanu cets U™", Kotopas Gyzer mvets e 6omee (k(k 4 1)/2)"
JHCTHEB, KOTOPLIM COOTBETCTBYIOT BEKTOpPa M3 MHOKecTBa Y 1. DTa ceTh HO3BO/ACT I JIO-
boro 3ampoca

xr = (ulavla"'aunavn)

HAXOJUTh BEKTOp J" n=l — (y%, yh ooyl ys ) € YU makoit, uro 3 — Gamkaiinmas cipaba K
u; rouka w3 M'(§'1), a y, — Gmmkaiimas ciesa K v; Touka n3 M/, (7 g 1) (i = 1,n — 1), ecn,
KOHEYHO, TAKOi BEKTOP cyInecTByer. Ecin e Takoit BeKTOp He cymeCTByeT, TO OTBET HA 3aMpPOC
Oy/JIeT MyCT, T.e. MPOIECC MOUCKA TPEPBETCs, He JOXO/Is JTUCTheB. ECIim HATTOMHUTD, 9TO KAZKIbIit
BeKTOp ' " BOCHPWHUMaETCsT Kak obo3Hadenue Muoxkectsa V™ (5" 1), To cerr U™ ! nossostster
HAXO/IUTh JIJIst JTIOOOT0 3aMpoca T MOJIMHOZKECTBO TOYEK MHOXKeCTBa V| KOTOPBIE y/I0BJIETBOPSIOT
nepBbiM 1 — 1 mapam HepaseHcTB u3 (2.15).
JIerko BuIeTH, YTO

TU™ ) <4(n-1)

QU™ < QU™+
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+(2+¢) (k: (@)n_2 + (@)n_l) +

+ (@)Tw(k +1) <

< (2+¢) ((k +2) - (k(k+1)"2 + (@) ) :

Tenepsb ocrasioch caeaaTh MOCAETHUN AT,

ITycts A — muoxkecTBO Jucrhes cetu U, .

Pacemorpum niponsBosibHbI et a € A.

IIycts emy mpumucan sexTop §7 1 = (yi,ys,...,y7 " 945~ "), KoTopwIl aBIgeTca 0603HAte-
HUEM MHOXKeCTBA V”(gj&“l). [TocTpouM M1 TPOEKIIMH STOTO MHOYKECTBA Ha TOCJIETHIO KOOP-
JIMHATY ¥, ceTh Uy, PEIANLyI0 OJHOMEPHYIO 33/a4y HHTEPBAJILHOIO MIOUCKA, KOTOPYIO 0603Ha-
anm I,. TTocKoJIbKY B BepIIMHY (v TIONAIAI0T TOJIBKO 3alpochl U3 MHOKecTBa X, = X"(§77"),
onpeiesisieMoro coorHomnieaneM (2.44), 1o GyHKINS MIOTHOCTH BEPOATHOCTH JijIst 3agadn [,
OyIeT UMeTh BUJL p;}g_l (tp, vy), ONIHCAHHBIH B cooTHOIIeHUN (2.32), 1 9Ta (DYHKIUA B CUITY CIIe-
UAJBHON OrpaHmdeHHOCTH He 0oJibine, deM c¢. Cerh U, mOCTPOUM 10O METO/Y, OMMCAHHOMY B
npebIayemM nyHkTe. Torga coryiacHo JOKa3aHHOMY

QUs) <4V )| =146 log(IV™"(7" )] - ¢ <4k —1+6¢-[logk].
Ormernm Taxxe, aro T(U,) < R(I,) + 5, e

R(I,)= > POy, pin))-

yeM™(Ga~")

3necs P, — BeposiTHOCcTHast mepa Ha X, 3a1aBaevasi (DYHKIMEH IJIOTHOCTH BEPOSITHOCTH
pg‘g—l (U'n; Un)-

Tak kak jis Jmo6oro y € M™(g"') seuwunna P, (O(y, pini)) PaBHA YCJIOBHOI BEpOATHOCTH
coobitust O(7, Pinm) TPU YCIOBUE cOObITHA X, Tie § — Takas sanuch uz V(g7 '), uro ee
MOCJIe/IHSIST KOOPJMHATA paBHA Y, TO

R(Ia) = Z P(O(ga pintn) N XOA)/P(Xa) =
gevr(ga")
1

= P, Z P(O(F, pintn) N Xa). (2.46)

yev

BO3MOKHOCTH pacIIHpenns: 06IacTH CYMMIPOBAHUS CBSA3aHa C TeM, UTO JIs 000 3ammuc
g€ V\ V™" ') BeposTHOCTH

P(O(g, pintn) N Xa) =0.

OGbsiBUM Tenephb JIMCT (v BHYTPEHHEH BePINUHOiT, yOepeM MPUITMCAHHBINR eMy BEKTOD W MPHU-
KpenuM K Hemy cetb Ul,.

[Ipogenaem 3Ty omepanuio st KayKJ0ro Jucta cetd U,_; U MOIYUYeHHYIO CeTh 0003HATUM
Un.

Tax kax B cetn U,_; me 6omee (k (k+1)/2)" " nmucrses, 10

Q(U,) < (4k+2+ (1+6logk]) -¢) (k(k+1)/2)"".
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Jlerko BugeTh, 91O MoJyUueHHas cethb U, paspemnraer 3aja4dy [, Tak Kak JJis J000TO 3a1poca
T = (Uy, vy, Up,Vy) C TOMOIIBLIO ceT U™ MBI HaXOJMM MOIMHOMKECTBO TOUEK MHOMKECTBA
V', KOTOpbIE YIOBJIETBOPSIOT MEepBbIM n — 1 mapam HepaBeHCTB u3 (2.15), a ¢ MOMOIIBIO ceru,
pacTyIeii u3 BepIUHLI HojaceTd U™ !, cooTBeTCTBYyIOMEil 9TOMY IIOIMHOKECTBY, MBI BhIGepeM
M3 9TOTO TTOJMHOYKECTBA TOYKH, YIOBIETBOPSIONINE U MOCIeHeil mape HepaBeHCTB u3 (2.15).

st Toro 4To0BI MOACYATATH CJIOKHOCTH cern U™, 3amerum, 4To s JOObIX o, € A
TaKWX, 9TO o 7# @/, clpaBeJInBO

XoNXy =10
n
ﬂ Xo = Xintn-
acA

SaMeTuM Tak:Ke, UTO JJId JII0O0ro 3ampoca I CYIIECTBYeT TOJBKO OJWH AKTHBHBINA IIyTh,
BeIyMuil K KOHIeBBIM BepIIHHaM HojaceTd U™ . DTo o3HadaeT, uTo JJs JI0OOOT0 3aIpoca T
OyJeT aKTUBHA TOJBKO ojHa u3 mojcereit Uy, u, 3HAYUT,

TU™ < 4(n—1)+ > P(Xa) - (5+R(1,)) =
acA
= 4dn+1+4 Y P(X,)  R(l.).
acA

[Tokazkem, 4TO

%P(Xa) ’ R(Ia) = R(I)

B camom gerte, cormacuo (2.46)

> P(Xo) - R(la) = 3 > P(OF, pinn) N Xa) =

acA acAgev

= > > PO pintn) N Xa) =

JEV acA

= > P(U (07, pintn) N Xa)) =

% acA
= Y PO, pintn)) = R(I).
gev
1, nakowerr, MocKoJIbKY COIJIAaCHO Teopeme 4

T(I,7) > R(),

TO TeOpeMa IIOJTHOCTBIO JOKa3aHa.

2.4.3 Ilpumep o1eHKM KOHCTAHTHI CIIEIAAJIbLHON OTPAaHUIEHHOCTU

BBenennoe B maHHOM pazjene CBOUCTBO CIEMUATHHONW OrPAaHUYEeHHOCTH (OPMYTUpPYyeTCs
HECKOJIBKO TPOMO3J/IKO U UCIOJb30BAJIOCH JIUMIL C METbI0 00JervYeHns JOKA3aTeTbCTBA Teope-
Mbl. Ho mpakTnyueckn Bce HEIK30THUECKUE pacipejeseHus 00/1aJal0T 3TUM CBOWCTBOM C TOI
UM UHOI KOHCTAHTOI, M BOIPOC TOJHKO B TOM, YTOOBI 3TY KOHCTAHTY TMOJCYUTATD.

B kagecTBe mpuMepa mojcunTaeM KOHCTAHTY CIeNHaJIbHON OTPAaHUIEeHHOCTH T PaBHOMED-
HOT'O paclpeieleHus BEPOATHOCTH.

JIemma 5 Ecau dynkyus naommuocmu seposmmuocmu p(T) 3adaem pasHomMepHyo 6Eposmmocm-
nyro mepy ma Xinm, mo p(T) obaadaem ceoticmeom cneyuasvrol 02paHUYeHHOCIU ¢ KOHCMAH-
mot 2 das 0601 Koneunoti bubasuomexu, codeprcautetica 6 YV, .
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Jlokasameavecmso. Tak kak p(Z) 3a1aeT paBHOMEPHYIO BEPOSITHOCTHYIO Mepy Ha X, TO

p(Z) = ¢ = const.

Tak kak p(Z) 3a7aeT BePOSITHOCTHYIO Mepy Ha Xipip, TO

2)dx = 1.
/Xmmp(x) T

Orkyna
¢ / A7 = 1;
Xintn
1 1 1 1
c/ du1/ dvl---/ dun/ dv, = 1;
0 Ul 0 Un
c/2" =1;
c=2".
Jlerko Buzeth, 4ro ecan p;(uy, vy, ..., U;,v;) — DYHKIEs, ONpeaeasemMas COOTHOIEHHeM
(2.29), rae i € {1,n — 1}, 1o auist w060ro (uy, v, ..., u;,v;) € X7 X --- X X7 cupaBeinBo
[ ———
i
1 1 1 1 . .
pilug, v, ... g, v;) = / dun/ dvy, - - / duH_l/ p(Z)dv g = 2" (2.47)
0 Up 0 Uj41
Bosbsmem niponsBosibay0 KoHedHyo 0ubanoreky V O Y.
[Tycts Y' — MHOXKeCTBa, ompejesseMbie cooTHoreHueM (2.18) st 9roit 6GubanoTeKH,
gl = (yhys, oy Lyy ) eyitta p%i_l (u;, v;) — dyHKIWH, ONpeieIseMble COOTHOITEHUSIM I
(2.31), (2.32), rie

i € {1,n}. Torma merko BuAeTH, uTo M1 moGoro ¢ € {2,n} n moboro (u;,v;) € X, cupa-

BEJJINBO
ez 2idz, /
iy (Mi=1(gi=2)) X' (M)

12
Wy Yi¥a

7 _
pgi—l(Ui,Ui) = /Xll_1

vi
| o
X' ifl(Mlil(gliz))
¥y vy

/ 214z, = 2. (2.48)
Xy ()

Yi-Yy

p(uy,v1) = pi(ug,v) =2 (2.49)
B cuty (2.47). _
Orkyna mira dyHKnun p;’il_l (u;), ompezessiemoit coorHormennem (2.33), st 10600
i € {I,n — 1} u moboro u; € [0, 1] cupaBemmuBo

. 1
Py (ui) = | 2dv; =2(1 —w;) < 2. (2.50)

Uj

. Ecnm 0603na9uTE Yepes b; Hagasro, a 4epes e; KOHeIl OTPe3Ka Z;i (M (g*1)), o mna bynxmun
p;’?_l ,; (Vi), onpesensienoit coornomenuem (2.34), ans modoro ¢ € {1,n — 1}, mo6oro v; € [b;, 1]
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u Joboro y; € M*(§*~') cuipaseiuso

. e; e; 1
pzylf_l’yi (v;)) = / QdUi//. dui 42dvi =
= / duz// (1 — u;)du; =

(e — b3)/((es — b) — (€2/2 — B2/2)) =
= 22— ei—b) <2/(1—by). (2.51)

OcTanock 3aMeTHThb, 9T0 cooTHOMeHus (2.48) — (2.51) MOTHOCTBIO JOKA3BIBAIOT YTBEPZKIE-
HHE JIEMMDbI.

Caencreue 1 ITycmo SUII I = (X, V, Pintn) — N-MepHai 360640 UHMEPEANDHOZ0 NOUCKA,
mo ecmb 3a0aua muna Siy,, 20e |V]| = k. IIyemv F — 6azosoe muoocecmeo, onpedesiemoe
coommowenuamu (2.35)-(2.42), n > 1, P asasemca pasromeproti eposmuocmuots mepot Ha

Xintn7 U
= Z P(O(y, pintn))-

yev

Tozda

R(I) < T(I,F,(4k+4+12[logk]) (k(k+1)/2)" ") <
< R(I)+4n+1.

JlanHoe yTBepIKIeHue SIBJISIeTCS CJAeJCTBHEM JIEMMBI D U TeOpeMbl 8.

OrmernM, 9TO yTBEPXKIAEHUS 11T MHOTOMEPHOTO CJaydas 3aJadd WHTEPBAJILHOIO TMOWCKA,
npuBe/eHnbie B [16, 18|, omuyarorcs oT yTBepKIeHUs TEOPEMbl 8 B 0OIIeM CIydae, HO COBIA-
JIAIOT B cJIydae paBHOMEPHOTO pacmpeneneHns. OTMeTHM TaKzKe, 9TO JOKA3aTe/TbCTBa TEOpeM
JIJTsT MHOTOMEPHOTO CJIydasi 3a/la4i WHTEPBAJIBHOIO MOWCKA, TpuBeeHubie B [16, 18], ¢ neabio
cOKpalleHusi 06beMa, 0OTpPazkKaloT TOJBKO UJEI0 JIoKa3aTeabcTBa. [[o/iHOe /10Ka3aTeIbcTBO ITHX
TeopeM MOYKHO BECTH TIO METO/LY, OMMCAHHOMY B CJIEIYIONEM pa3fiesie /i1 MHOTOMePHO 3aa4un
o pomuHupoBaHuu. Ho B cBaA3M ¢ OoJiee CI0KHOIT reoMeTpueii MHOXKECTBa, 3alIpOCOB B 3a/1ave
HHTEPBAJTIBHOIO MOUCKA JOKA3aTeTbCTBO Oy/IeT OueHb rpoMO3JAKUM. [[093TOMYy MBI He TPUBOIUM
37IeCh ITO J0KA3aTeJIbCTBO, TeM 0oJiee, YTO IO MOPSJAKY B ODOMX CJIydasiXx OINEHKU O0beMOB
COBITA/TAIOT.

2.5 3amada 0 JOMUHUPOBAHUN

2.5.1 OcHoBHbIe TIOHATUA W (POPMYJIUPOBKA PE3YJIhTATA

MHuoromepHas 3aJa4da O JOMHHUPOBAHHM COCTOUT B HOHUCKE B KOHEYHOM HOJMHOMKECTBE 7-
MEpHOTO MPOCTPAHCTBA BCEX TeX TOYEeK, KOTOpPbIe He DOJBIIe 10 KayKI0# M3 KOMIIOHEHT, YeM
3alpPOC, ABJIAIOIINIICA B JAHHOM CJIydae TOYKOIl n-MepHOro NpocTpaHcTBa, rie n > 1. Ouumem
THI 3a/1a49 [MOUCKA, KOTOPBI COOTBETCTBYET N-MEPHOI 3a/ia4e O JOMUHUPOBAHUM.

[Mycrs Yiom = [0,1]" — muoxkectso 3amuceit 1 Xgpp, = [0,1]" — MHOXKECTBO 3ampOCOB.
[Tycts HA MHOKECTBE X 4o, 381AHO BEPOSTHOCTHOE TPOCTPAHCTBO (X gom, 0, P), tiie P 3amaercsa
dbyHKIHEli TI0THOCTH BEPOSTHOCTH P(1).

OTHOIICHRE TTOUCKA Pgom OUpeaeneHo HA Xgom X Yyom U 3a0a€TCA CACAYIOMMAM COOTHOIIE-
HHUEeM:

(.1'1,1'2, s 7xn)pdom(ylay27 H 7yn) — Yi S Ty P = 17”' (252)
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Torma Tumn
Sdom - <Xdom; Ydom; Pdom s T, P>

Ha30BEeM THUIIOM 3a/Ja4id O JOMHHHUPOBAaHUU.

[TycTn
G ={ gim(xl, ey Tp) =
=max(1,]|z; -m[) : i € {1,n}, m € N}, (2.53)
Gy ={ gia(xl, e T) =
_ ) Leemmisan o g G eo) (2.54)
] 2, ectmx; >a Tl P '
ObozHaIIM
M, ={x = (z1,...,20) € Xaom : Tn, > a}.
[TycTn
Fy = {K,: Ng, = M,, 0< a<1}. (2.55)
[Iyctn
f = <F1, Gl U G2> (256)

CrpapeiuBa CIeayIONas TeopeMa.

Teopema 9 ITycmo SUITT = (Xgom, V, Pdom) — N-MEPHAA 360440 0 QOMUHUPOBAHUY, TO €CTND
zadanwa muna Sgom, 20e |V| = k. [Tycmo F — 6a3060€ MHOHCECMBO, ONPEOCAALMOE COOMHOULE-
nuamu (2.53)-(2.56), n > 1. Ilyemo

R([) = Z P(O(yapdom))

yev

Tozda, ecau dynkyus naomuocmu sepoasmmuocmu p(x) < ¢, mo

E+i—-1
i

R(I) < T(I, F, <k+z_1>+(3+c)-§<

i=1

))gRu)+2n_L

2.5.2 MrHoBeHHOe pellleHne 3aJa9i O JOMUHNPOBAHUN

B jannom pazzesie Mbl IpuBe/ieM aJropuT™M, 0H6ecrnevnBaoNinii MI'HOBEHHOE PeIeHne 3aa9u O
JIOMUHUPOBAHUU, U T€M CaMBIM JOKayKeM Teopemy 9, MOCKOJIBKY HUZKHSS OIEHKa CIeIyeT W3
TeopeMbl 4.

Tak Ke KaK u B cJIydae ¢ 3aJadeil HHTEPBAJTBLHOTO MOUCKA MBI PACCMOTPUM OTIAETBHO JIBE
BO3MOKHOCTH: OJTHOMEPHYIO 3a/1a9y O JOMHUHUPOBAHUU U MHOTOMEPHYIO.

OpHoMepHBII ciry4ait

B JaHHOM NyHKTE MBI PACCMOTPHM OJHOMEPHYIO 3aJady O JOMHHHPOBAHUH, TO €CTh CJIydaii,
korma n = 1.

Mycrs V = {y',...,y*}, e y* € [0,1] i = 1, k. Byaem canurars, aro 3amicu B V ynopsiio-
JeHbl B MOPAIKEe BO3PACTAHUA, TO €CTh

yh <y <<yt
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Puc. 2.2: Cerp a1 ogHoMepHOI 331891 O TOMUHAPOBAHUN

Ocraercst 3aMeTUTh, 9TO OTHOINEHUE Pgomy TPH N = 1 €CTh OTHOIIEHWe JNHEHHOr0 KBa3u-
nopsizka. [loaromy, Kak mokasaHo B jgokaszareabcrBe Teopembl b, NCIT U, uzobpakenHas Ha
pucyuke 2.2, pasperaer 3UIl I, u ee c/10:KkHOCTH paBHA

k-1
TU) =1+ P(O(Y', paom)) < R(I) + 1,
i=1
a oobem pasen Q(U) = n.

MHuoromepHslii ciry4Jaii

B naHHOM NmyHKTE MBI PACCMOTPHM MHOTOMEPHYIO 3a/a4y O JOMUHUPOBAHUU, TO €CTh CJIyYai,
Korma n > 1.

Beenem BcrmomorareabHbie 0003HaAYCHUS.

Ecm V' C Yy, 7 € [0,1] n 1 <4y < --- < 4; < n, T0 0603HAUNM

Srz'(vl) = {y = (y17y27 .. 7yn) € V, “Yi S T}a

Hil""’il(V') ={(Wirs--»Yi,) : W1,y Yn) € V')

[yers 7 = (y%, 9%, ..., y"), cae i = 0,n — 1. 31ech u gaee mo 3Ha9KoM 0 GyaeM TOHAMATD
IyCTOe MeCTO WJIM OTCYTCTBHME 3HAuKa, Tak, Hanpumep, samuch M'(7°) Gygem nonnvars kak
M?

BeneMm 10 WHAYKIUK CIeAyIONIHE 0003HAYEHUS.

Basuc undyxyuu. O6o3na9nM

Vi=V, M'=1I"(V"), Y = M', X' = Xyom,.
Hlaz undyryuu. Myers i € {2,n} n nug Beex j € {1,7 — 1} onpenenensl MHOXKeCTBA
VI, M@, YL X,

rne 7' = (y', 9%, ...,y""") — npomsBosbubiii BekTop u3 Y/l Ilyers 77 = (y', o2, . .., y'")
— Tpou3BobHLI BekTop U3 Y ! Torma obo3HadmM

VI = SEL (VTN ),
MG = H(VI(),
Yi = {(yla v ,yi) : (yl, cey yi_l) - Yi_l u yi c Mi(yl, e yi—l)},
XN ={ @'...,2") e X'y, ...,y7?):
Tio1 € Z;i—l (M. g 2T,

rae Z;(M) onpenensercs cooTHomrenueMm (2.25).
[TocTponm no mugyKIun HekoTopyio nudopmarmonnyio cets U, (¢ € {I,n — 1}), koropas
VIOBJIETBOPSET CJICAYIONIAM yCTOBUSIM:
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1. Cers U, umeer |Y9| nucrnes.

2. Mexnay Y7 u muoxkecTBoM JmcThes ceTn U, MOXKHO yCTaHOBHTH B3aWMHO OJHO3HATHOE
1
COOTBETCTBHE, TAKOE, ITO ec/n jucty « ceru U, coorBercTByeT BekTop (y',...,y%) u3 Y9,
TO
— Yet+1(,1 q
Nyo =Xy ).

3. T(U,) < 2q.

q q—1
i i
4.QW,) < 2+c) Y Y[+ V] +1.
i=1 i=1

Basuc undyxyuu. ¢ = 1.

Bosbmem MHOXKecTBo M 1 ymopsagounm ero no Bospactanuio. IlocTpoum mas nero cetsb U,
PEMIAIONILYI0 BTOPYIO 331a4dy O GIM30CTH, TAaK, KAK OBLIO OIMMCAHO B JOKA3ATEILCTBE TEOPEMBI
7, 7€ B Ka4ecTBe mapaMerpa m BozbMeMm m =|c - | M1|[.

Bamennm B cern U’ mepekmodaress g, Ha gi ,, & BCe epeKIIoYaTen BUa g, , Ha 9ty 5» e
MepeKTIoIaTeNn gy, U g7, , OIIUCBIBAIOTCA cooTHOMmeHnsAME (2.53) 1 (2.54) coorBercTsento. [lo-

b b

JAydenHyio ceth oboszHaumm U;. [Tokaxkem, aTo ceth U yaoBaeTBopsgeT yea0BHAM yTBePK ICHNS
MHTYKIIAH.

Tak kak Y! = M' 70 cerb U; mmeer |Y!| qucTheB u, cleqoBaTeNbHO, YIOBIETBOPSCT
YCJIOBUIO 1 yTBEpIKIAeHUS WHLYKINN.

JIerko BujieTh, 94TO B pe3yJjibraTe CMEHbI HAIPY3KH MEPeKJI0YaTeIbHBIX BepInH ceTh U Ha
MHOYKECTBe 3ampocoB X | pemmaeT cIeyomyio 3a/a9y O OJH30CTH: OHa MO3BOJISCT IS MPOM3-
BOJILHOTO 3ampoca T = (Tq,...,%,) € X! HaxomuTh Takywo Touky u3 M', KoTopas aBagercs
O/mmKaiinieit cieBa K 9UCTY Tq, TO €CTh K MepBoil KoopauHaTe BeKTopa x. OTKyma cpasy cie-
JIyeT, COTTACHO TeopeMe 1, 9To ecim y — Mpou3BosibHad Touka u3 M (a smaumt, m u3 Y!) u «
— JIUCT, KOTOPOMY COOTBETCTBYET TOYKA I, TO

N,

Pa

= X?(y),

qTO U JOKa3bIBa€T BbITTOJIHEHUE YCJIOBUA 2 yTBEp2KAeHUA MHAYKIUN.
[Toacunraem ciaoxxkuocts ceru Up. Obo3Haunm

D, = [0,1/m)],
D, = (i_l i], i=2,m. (2.57)

)
m m

[Tyctn
Xi={(x1,...,0,) €X' 12, € D}, i =1,m.

Torna Tak ke, Kak B J0OKa3aTeJIbCTBE TEOPEMbI 7, MOYKHO MOJIYYUTh, YTO
m
T(U) <1+ Ly([Vi]) - P(Xy),
i=1

rae V; = M' N D;. Tax kax

1 1
P(Xi):/fj-dxl/o /0 p(T1, 9, .., x,) dxy - - -dx, < c/m,

TO COLJIACHO JieMMe 4

¢ & c| M1
TU) <1+—=Y Ly(Vi]) <1+ 7z < 2.
m i3 Jel MU
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YTo u I0KA3bIBAET BBITIOJIHEHUE YCJIOBUS 3 YTBEPKJICHUST WHLYKIUN.
Ob6mbem ceru U; OBLT MOJACIUTAH B JOKA3ATEIHCTBE TEOPEMBI 7, B OH PaBeH

QU =m+2|M'| < 2+¢) Y| +1.

CureioBaTeIbHO, BBITIOJIHSIETCS YCJIOBUE 4 yTBEPIKICHUS WHLYKIUH.

Hrodyxmuennti neperod. Ilyctb 1 < ¢ < n u mocrpoeHa ceTb U,_;, yI0OBIeTBOPAIOMIAL
ycaoBusaM nHAyKmun. [Jokazkem, Kak MOXKHO HOCTPOUTH ceThb U

Bospmem mpomssosbHbIl  mmcT o cetm Uy,_;. Ilyctb eMmy cooTBeTcTByeT BeKTOD
(y',...,y"™") muz Y7 ', Vuopsgouum no wospacranuto muoxecrso MI(y' ... yi='). Tlo-
crpouMm it Hero ceth U,, Ppemamwlyn BTOPYIO 3aady O OJIM30CTH, TaK, KaK Obl-
JI0O ONMHCAHO B JOKA3aTeIbCTBE TEOpeMbl 7, TAe B KadecTBe IapaMerpa 1m BO3bMeM
m =l [MI(y",...,y" ][

Bamennm B cern U, TepeKTiovaTesb g, Ha g ., & BCe NePEKTIOYATeTH BIIA 955 Ha ggm,
IJie IePeKTIYaTeNH g, , 1 g, , OIHCBIBAIOTCS cooTHOMIeRUsAMH (2.53) 1 (2.54) cooTBercTBenHo.

Yb6epem HArpPy3KY JIHCTA v U OOBABHM €ro OOBITHOI BEPINHHOMN, MOCTe Yero OTOXKIeCTBUM
ero ¢ kopuem cetu U,, To ectb U, OyIaeT pactu u3 a.

[Ipogesaem Takyio Olepanuio Jjist Kax0ro jucra cern U, | U IOJy4eHHYIO B pe3yJbTare
ceth oboznaunm U,. [lokaxkem, aTo cerb U? ynoBaeTBOpseT yCJIOBUAM yTBePKICHUS NHIYKIAN.

[TocKOMbKY MHOZKeCTBO Y ¢ cTpouTCs TaKUM 06pa3oM, UTO KaxKablit BekTop (y', ..., y97") u3
Y9! mopoxmaer |M7(yt, ..., y7 )| BekTOpoB MHOXKecTBA Y9, M HOCKOBKY W3 KAZKJIOTO JIACTA
cetn U,_1, KoTopomy coorBercTByer BeKTOp (y', ..., 1) u3 Y9 ! Bhimyckaerca cerh, mvero-
mast |M9(y', ..., y7")| smerbes, To cerh U, mveer poBHO |YI| JTHCTHEB; TeM CaMbiM JOKA3aHO
BBITIOJTHEHWE YCJIOBUS | YTBEPYKIEHUS] WHILYKIIH.

[Tokazkem, 9TO BBHITIOJHSAETCS YCJIOBUE 2 YTBEPXKIAEHUs] WHIYKIUU. JIjist 37010 paccMoTpum

npou3BONbHBI ucT « cetn U,_p. Ilycts emy coorBercrBoBas BekTop (y', ..., y7 1) w3 Y71
ComIacHO TPeNoIoKeHn0 HHAYKINE (ByHKIHA (BUILTPa JUCTa (¢ TAKOBA, YTO MPOMYCKAET
B JIUCT (v TOJILKO 3anpochl u3 muoxkecrsa X (y', ..., y7 ). Jlerko Bujern, uTo B pesyiabrare
CMeHbl Harpy3KH HepeK/iodaTe/IbHbIX BepIiH ceTh U, pelaer cjelyolLyio 3a1a9y 0 OJn30CTH:
OHA MO3BOJIAET JIs TIPOU3BOIBHOTO 3ampoca T = (Ty,...,%,) € X (y',...,y?"") (nocko/bky
TOJILKO 9TH 3aIIPOCHI JIOCTUTAIOT JTUCTA (v) HAXOAUTh Takyto Touky u3 M (yt, ... yi1), koropas
AByIgeTcs OMKAaiiiedi cieBa K IUCIy T4, TO €CTh K ¢-it KoopauHaTe BekTopa x. OTKyaa cpasy
cJIeJlyeT, COrIacHo Teopeme 1, uTo ec/iu i — npoussojbHas Touka uz MI(y', ... y? ') (u 3nauur
(y', ...,y y) npunagmexxur V) u o/ — JmcT, KOTOPOMY COOTBETCTBYET TOUKA ¥, TO

Ny, =Xy oy y)

L,y y) w3 Y9, uro u JoKa3biBaeT BBINOJIHEHHE

M JIHCTY & MOYKHO COTIOCTaBUTH BEKTOD (Y
YCIOBUS 2 YTBEPKI€HWST WHILYKIUH.

[Togcunraem ciaoxnocts cetn U,.

Bospmem mpomsposibHpiii  smer o cetm U,_;. IlycTh emy coOTBeTCTBOBAJ BEKTOD
(yt, ...,y ) m3 Y L. CormacHo NpeamoioKeHnio WHIYKIAA, TOJBKO 3allpPOChl U3 MHOZKECTBA
Xa(yl ...,y 1) mocruraror mucra a. [epeoGoznaunm 310 MHOKecTBO B X . [TepeoGoznaunm
muozkectso M9(y', ... y?™") B M, a muoxkecTsa Zji(Mi(yl, ey B Z% tnei =1, — 1.
Torma sterko BueTH, 9TO

XO=Z7 x o x 23 x[0,1] x --+ x [0,1].

n—q+1

[TogcunTtaem caoxuocts cetu U,. Obo3HaunMm

X.a:{(lb'l,...,l'n) EXal.quEDi}, i:l,m,

)



02 MrraoBeHHO pemnraeMble 3aaqd MOUCKA

rae m =|c|M*®|[, D; oupeaensiiorest coornomenusivu (2.57). Torga tak ke, Kak B JOKa3aTe/Ib-
CTBE TEOPEMBI 7, ¢ YIeTOM TOTO, YTO B (¢ MOHAJAIOT TOJBKO 3amPOChl n3 X *, MOXKHO MOJIy4IHUTb,

qTo
m

T(Ua) < P(X%) + 3 La(|V?]) - P(XT),

i=1
rae V,* = M* N D;. Tak kax

1
P(X?) = Zadxl---/za dxqfl/l)_dxq/o

1 Cq_l
/0 p(l‘l?’xn)dxq—kldl’ng _Hl(Z]a)a

j=1
riae depes [(Z¢) obo3nauena jjmmHa orpes3ka Z¢, To corjiacHo jemme 4
J i
m

() < PO+ 5 TTHZ) 3 L) <

o C|M1| pt (o] a it [}
< P(X )+]C|M1|[]1‘[ll(zj) < P(X )+j1‘[ll(zj).

Teneps 3amernm, aro ecan o, € L(U,_1) (To ectb o u o — sqmcrnbs cetn U,_1) n o # o/,
/
To X*N X% = (). Kpome Toro,
o)
U X*C Xuom.
a€L(Uy-1)

Orkyna ciaemyer, 9To

>, PEX"<1

acL(Uy—1)

3 quz(z;v) <1. (2.58)

a€L(Ug—1) j=1

-1
Hepagsenctso (2.58) cieyer u3 Toro, uro Besmmunna [[12; [(Z§) pasna o6beMy MHOTOMepHO-
ro mapaJuienenumena X ¢, a cymma 00beMOB BCeX TapaJiieenumnesoB X @ He peBbIIaeT 0obeMa
napaJienenuneaa X gom, TO eCTh 1.
CiietoBaTeIbHO,

TWU,) = TU;)+ >, T(U,) <

acL(Uy—1)
q—1
< TUp)+ % (P(X“HH!(Z;“))s
a€L(Ug—1) Jj=1

< 2(q—-1)+2=2q.

Takum obpa3oM, ycIoBHe 3 YTBEPKICHUSA WHIYKIIHH BBITOTHIETCS.
IToncuuraem obbvem cetu U,,.

Q(Uq) = Q(Uq—1)+ Z Q(Ua)é
a€L(Ug—1)
< QU+ Y (2+9gIM+1) <

a€L(Uy—1)
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K?J K?Jt—l 71
> . . ¢ P
Yt Yt—1 Y2 Y1
Puc. 2.3: Cers U,
q—1 q—2

< 240 Y Y+ Y41+ 2+ Y+ Y =
=1 =1
q

= 2+¢)- > V'[+D Y| +1.

=1 =1

CremoBaTebHO, yCa0BHe 4 yTBepzKIeHNs HHAYKIUN BBIIOAHAeTc. 1, 3HAUUT, HAM yIaJ0Ch
NOCTPOUTH CeTh Uy, KOTOpast yJIOBIETBOPAET BCEM YCJIOBUSAM yTBEPZKICHUS HHILYKIIAN.

Crpouts ceth U, 06ecreunBaonyio MTHOBEHHOE DelleHne MHOTOMEPHOH 3aJadd O JOMH-
nuposanuu I, 6yaem ciaeayomuM obpazoM. BosbMeM ceTh U,_; U paccMOTPUM IIPOH3BOJILHBII
JmeT o 31oit cetn. Ilyers emy coorBercTByer BekTOp (yh, ..., 4" 1) m3 Y 1. BosbMmem MHOKe-
creo V" (y', ..., y" 1) u nepeobosnaunm ero 8 V2. Iycrn

Ve = {gla"'agt}a

IJIe 3alUCH YIOPSIOUeHbl Mo mocaeaneii koopaunare. [loctponm cers U, m3obpaxkenuyio na
pucynke 2.3. YoepeM Harpy3ky JILCTa v 1 O0bsIBUM €ro OOBIYHOI BEPIIMHOMN, OC/Ie Yero 0TOXK-
ngectBuM ero ¢ kopuem cetu Ul To ects Ul Oyzner pactu u3 .

[Tpomemaem Takyio OIepammio I KaxKJI0ro Jucta cetd U,_; U MOJIYUYeHHYIO0 B Pe3yabTare
ceTb oboznaunm U.

[Tokaxkem, uto ceth U pasperraer 3agaqy I.

IIycrb o — mnpousBosbHBIA JimcT cetd U,_; U MyCTb €My COOTBETCTBOBAJ BEKTOP
(yt,...,y" ) m3 Y"1 Tlepeobosmaunm muoxkectso X"(yt, ..., y" 1) B X

Bosbmem npon3BoJibHbI 3ampoc T = (1, ..., Z,) € Xgom. PaccMorpuM aBa ciiydast.

[Tepseoiit cayuaii: cymecrByer takoit jauct « ceru U, 1, aro x € X% D10 0O3HAYAET, 4TO
3alpOC T JOCTUTHET JIMCTA (v M HU B KaKue Jpyrue JUCThl ceru U,_; He momajer, TaK Kak s
066X pasmmanbx o, o € L(U,_1) cupasesmmso X NX*" = (). 113 mucTa o HCXOIUT HEMOYKA,
BepHIMHAM KOTOPOil COIIOCTABJIeHBI 3amuch u3 MHOKecTBa V™ (yl, ... 4" 1), a 310 MHOXKECTBO
ecTh He YTO MHOe, KAK MHOYKECTBO BCex 3anuceii n3 V', y KOTOPBIX -1 KOOPANHATA, HE TIPEBHITIAET
y' (i =1,n —1). To, uro x € X%, oznauaer, uro y' — GumKaiimas ciesa Touka K T, B M, 3>
— GauzKaiiasg caeBa Touka K To B M2 (y'), KoTopoe npejcTapiger coboii IpoeKIuio Ha BTOPYO
koopauHaTy MHOKecTBa V2(y!), n T.1. Takum obpaszom, muozkectso V" (yt, ... 4" 1) conepxur
BCE Te M TOJIbKO Te TOUKH U3 V', KOTOpbIe YIOBIeTBOPSIOT epBbiM n — 1 HepaBencTBam (2.52).
JlaJiee 3anpoc T IPOJBUTAETCsE BJIOJIb IETIOYKHI, PACTyIIei u3 a, noka samucu uz V"> (y', ... ¢y ")
He HOJIbIITe 110 TOC/Ie/IHel KOOpAMHATE, YeM Ty,. 1eM caMbIiM OTBET Ha 3alpoc T OyJ/IeT co/iepKaTh
TOJILKO Te 3aIlUCH, KOTOPBIE YIOBIETBOPLIOT 3alPOCy, IPHIEM BCe TAKHEe 3aIHCH.

Bropoii ciyuait: mias moboro o € L(U,_1) 3ampoc x ¢ X®. DT0 03HAYAET, YTO 3aMpOC He
JORIET HU 10 OAHOTO U3 ucThes cetn U, 1, n, 3Ha9uT, OTBET Ha 3anpoc x Oyaer myct. Ocranoch
OKa3aTh, 9TO ITPU TAKOM T B OMOIMOTEKEe V' HE COMEePKUTC 3anucei, yI0BJIETBOPAIOIINX X.

[lycrs i € {1,n — 1} — Takoii HOMep, UTO cymecTByeT Takoit HaGop (y',...,y" ') u3 Y1,
aro x € X(y',...,y" ), u qna moboro mabopa (y',...,y") uz Y zanpoc & XL (yt, ... 4.
OueBnHO, UTO TaKoil HOMep ecThb, Tak KaK T € X' = Xyom. Tak Kak 119 HEKOTOPOTo Habopa
(y', ...,y uz Y! gemosnserca z € X'(y',...,y"™") (oueBnano, uro Taxoii HabOp TOIBKO
OJIUH), TO 3alPOC T NpoiieT B ucT 7y cetu U; 1, KOTOpoMy cooTercTByeT Habop (y', ...,y ")
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(ecom i = 1, To B KadecrBe 7 paccmarpuBaercst KopeHb cern U). U3 jmcra 7 pacrer cerb,
KOTOpast periaeT BTOpylo 3ajady o oiusoctu jist Muoxkecrsa M(y', ... y*™"), u taxk kak jjs
mo6oro Habopa (y',...,y") u3 Y zanpoc x € X1 (y!, ..., y!), To 3T0 3HAUUT, UTO T; MeHbIIe,
gem Jobag Touka w3 M (yl, ...,y 1), To ecth B MHOKecTBe Vi(yl, ... 3'1), KoTOpoe cocTouT
M3 3ammuceil, yJIOBJIETBOPSIONINX MepBbiM i — 1 HepaBeHcTBaM u3 (2.52), He Haiizercs HEH O/
HOW TOYKW, i-s1 KOOPJMHATA KOTOPOi He Oosibiie, Yem x;. CremgoBaresnbHo, B V' Her 3amuceii,
V/IOBJIETBOPSTIOIIAX 3AMPOCY .

Tem caMbIM MBI TTOKa3aJIl, 9TO ceTh U pa3pernraer 3amady 1.

[Toncunraem ciaoxuOCTL ceTu U.

Paccmorpum  mpousBosibhblit auct o« cetu U, ;. Ilycth emy cooTBeTCTBOBaJ BEKTOD
(y',...,y" ") uz Y"~!. Tlenouky peGep, pacryyio u3 a, oboznadum uepes U’ . Tlepeoboznadum
muoxkecrso VP(y' ...y ) B Ve a X (y', ... y"7") B X

Jlerko Bumersb, 4To cI0KHOCTH cetn Ul paBHA

T(U,) = P(X*) + > P(X* N O(F, paom))-

jev

TW) = T, )+ ¥ TU)<

a€L(Up—1)

< 2n-1+ Y [P(X)+ 3 P(X*NO, paom)) | <
a€L(Un-1) gev

< 2n-1)+ > PX%+
OAEE(Un—l)

+3 X PX*NOF, paom)) <
ZjEVOzEC(Unfl)
< 2(n—1)+14 > P(O(7, piom)) = 2n — 1+ R(I).

yev

[Toacunraem obbem ceru U. Jlas sroro onennm seqmannsl |V, rae ¢ = 1, n. TousTro, uTo
ecsin Oubsimoreka V' TakoBa, 4TO ee MPOeKIs Ha JII00YI0 OCh KOOPJIUHAT UMEET MOIIHOCTH K, TO
BenunHbL |Y 7| GyIyT IOCTUTATH MAKCUMYMA, U B 9TOM CJIydYae STH BETHUYUHBI OY/IyT 3aBUCETH
TOJIKO OT k 1 ¢. [Tokazkem MHIyKIueil 1Mo ¢, 9To JJIsi TaKOro poja Gubmmorek |Y9| = (Hq*l).

Basuc undyxuyuu. ¢ = 1. Torma !
k
=== ()

Hrodyxmuenwiti nepexod. Ilycrs pna moboro i € {1,q— 1} cupasegmuso |Y¢| = (k“:*l).

7
HamomamnM, 9T0 1O IOCTPOEHHUIO KOJMYECTBO JUCTheB B cetn U, pasno |Y?|. PaccmorpnM cern

Up. Tyers Y = M' = {yy, ..., ur}, tie y1 < y2 < -+ < yp. OGo3HAUNM uUepe3 q; JIUCT ceTH
Ui, KOTOPOMY COOTBETCTBYET TOUKa ¥;, a depe3 Ul — mogcers cern Uy, pacTyInyio u3 JUcTa ;.
Jlerko 3ameTutb, uT0 rpad cern U mzomopden rpady ceru U,_y npu k = i U, 3HAIUT, TACIO

nmucthbes cern U Mo NpeamonokKennio HHYKIAH PABHO (Zzﬁf). OTKyza 49uCc/IO JIUCTHEB CEeTH

U, paBHO
Fo it g2 k+q—1
Y| = = .
(G500

i—1 \ 4 q

[TocieHee paBeHCTBO MOYKHO HAfTH B KadecTBe yIpaskKHeHUs, Hapumep, B |4, cTp. 262].
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Tem caMbIM MBI TIOKa3aJl, 9TO Jist J11060i 6ubsmorekn V' u moboro ¢ € {1, n} Beandaunna

k+q—1

V4| <
q

[To mocTpoenuio ceru U Jjierko BHIeTh, 9YTO 0O6beM cetu U paBeH oobemy ceru U,_; ILTIOC
KOJINYECTBO JINCTheB B ceTu U, Tak Kak moMumo pedep cetu U,_; B cetu U ecTh TOTBKO pedpa,
BeJIyIIEe B JIUCTbSI, U HAa KayKJIbIil JIUCT MPUXOJUTCI POBHO OJHO pedbpo. Ilo anamoruum ¢ Tem,
KaK MBI ONPeJeIAIn 9ica0 JNCTheB B ceTn Uy, JITKO NMOKa3aTh, 9TO YNCJIO JUCThes cetn U
pasro |Y"|. CrenoBaresbHo,

QU) = QU, 1)+ |Y" =
n—1 n—2
= V" +@2+c)- Y Y+ [V|+1<
=1 =1
k+n—1 ki —1

< +(B+c)- >

n im1 7

Tem cambiM Teopema 9 MOJTHOCTBIO JOKAa3aHA.
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