MruoseHHO pelracMbIE€ 3ada91 IIOUCKa

9.9.lacanos
MockoBckuit rocy1apcTBEHHbBIN YHUBEPCUTET

Annoranus

BBomuTca moHATHE MTHOBEHHO peIIaeMbIX 33Jad MOMCKa, IIOX KOTO-
PBIMH MOHUMAIOTCS 33/1a9l, KOTOPbIe MOTYT OBITH PEelleHbl B CPEIHEM 33
BpeMsi, HeOOXOIMMOe Ha [MePeUnCIeHre OTBETA [IIOC HeKasi, He3aBUCIIasl
OT Pa3MepHOCTH 334291 KOHCTaHTa. [[prBoggaTCa mprMepbl MIHOBEHHO pe-
MIAEMBIX 33/1a9 U AJTOPUTMBI, 00ECIIEUNBAONINEe MTHOBEHHOE DEeIleHune.

1 Bsenenue

N3BecTHBIM (PAKTOM B TEOPUH HH(POPMAITHOHHOTO IOUCKA, SIBJISIETCS TOT (PAKT,
4T0 pemenue Ji06oil 3anauu undopmaimontoro noucka (3UII) Tpebyer Bpe-
MEHU He MEHbIIIero, 4eM BpeMms Tpefyemoe Ha lepeducjieHue orsera (CM., Ha-
npumep, [1, Teopema 3]), KOTOpOE TeM CaMBIM SIBJISIETCS] TPUBHAJBHON HUYKHEH
oreHkoi cioskuoctu SUII.

[Moaromy ecrecTBeHHBIN WHTEPEC MPEACTABIIET TPOHIEMa HAXOXKICHUS Ta-
kux anropurmoB perenus 3UII, Koropbe Mo BpeMEHHON CIOKHOCTH HE CYIIe-
CTBEHHO OTIUYAIOTCS OT TPUBUATBHOMN HUKHEIN OIEHKHU, B YACTHOCTH, OTIUIAIOT-
cs1 HA KOHCTAHTY, He 3aBUCSIIYI0 OT PA3MEPHOCTH 3aa4n. 3312491 TIOUCKA JIJTst
KOTOPBIX CYIIECTBYIOT TAKHE AJTOPUTMBI MPEIIAaraeTCsi HA3bIBATH MTHOBEHHO
PEITaeMbIMU 33Ia9aMHU TTONCKA.

Urax, mom meHo8eHHO pewsaembimi 3a0a4aMU NOUCKE TTOHUMAIOTCS TAKUe
3UTI, koropbie MOTYT OBITH PEIIEHbI B CPEIHEM 33 BpeMs, HEOOXOAUMOe Ha, Ime-
pednciieHre OTBeTa, MJII0C HeKas He 3aBUCAIIAst OT PA3MEPHOCTH 333491 KOH-
CTaHTa. 37eCh MO/ PA3MEPHOCTHIO 33/1a91 MOHNMAETCsT 00beM HH(MOPMAITHOHHO-
0 MaCCHBa, B KOTOPOM MPOW3BOIUTCS TTOUCK.

ABropom panee ObLIM PACCMOTPEHBI JBE 3aa9M, /Jisi KOTOPHIX OBLIO TO-
Ka3aHO, 9TO OHU MIHOBEHHO perraeMbie. 1o 3UII ¢ orHOmEeHHEM TMOUCKA, sIB-
JIAIOIIUMCS OTHOIIEHUEM JTMHEHHOr0 KBa3WIOpsAKa [2] 1 ogHOMEpHas 3aada
MHTEPBAJIHLHOTO TIONCKa [3].

B nammoit pabore Tak:Ke TPUBOAATCS TPU 337A4H, IJIT KOTOPHIX MOKA3AHO,
9TO OHM MTHOBEHHO PEIaeMble. JTO U3BECTHBIE 33 IAHMN:



® 3371a9a MMOUCKA UISCHTUYIHBIX OOBEKTOB, KOTOPAsi COCTOUT B MOWCKE B WH-
bOpPMAIMOHHOM MaCCUBE 00HEKTA, UAEHTUIHOTO OOHLEKTY-3aITPOCY;

® 337a9M O GJIMBOCTH, KOTOPBIE COCTOST B TOWCKE BO MHOYKECTBE, B KOTO-
POM 3a/IaH JIMHEHHBII TOPSI0K, 00bEKTa, OJIMKAMNIIEro K 00HEeKTY-3aMpoCcy
CIIpaBa WU CJIEBA;

® n-MepHAas 33/a9a WHTEPBAJIBHOIO IOUCKA, KOTOPAs COCTOUT B IMOWCKE B
KOHEYHOM TIOJIMHOXKECTBE N-MEPHOT'0 IPOCTPAHCTBA BCEX TeX TOYEK, KOTO-
pbIe [OTAIAI0T B N-MEPHBIH TapaJlIeIenuIe -3ampoc.

Ho ecau B 3amauax, ucciaenoBanubix B [2] u [3], yaaercs nojyduTh XOpPOIIUe
aJITOPUTMBI, OOECTIEYNBAIONINE MIHOBEHHOE PEIEHINe, KOTOPhIE TIPAKTUIECKH HE
TPEOYIOT JOMOJHUTEIHLHOM MaMITH, TO MIHOBEHHOTO DEITEeHUsT 3a1a4, UCCISILY-
eMBbIX B ITaHHOM paboTe, yaaJoCch JOOUTHCS TOJBKO 3a CYET DOJIBINNX 3aTPAT B
obbeme mamsaTr. Ho B TeX curyanusx, KOUJa BpeMs siBJISeTCs OYeHb JOPOrUM,
TaKue aJrOpPUTMbI MOT'YT OBITH OYEHb MOJIE3HBI.

[Mepeuncnennnie Boime 3UII uccmeayroTcs B paMKax MOIETH, BBEIEHHOM
aBTOpPOM B [3], T.e. ¢ MOMOMNIHI0 NHMOPMAITMOHHBIX CETEH C MEepPeKITIUATeISIMI
(UCTI).

Asrop Beipazkaer 6Gmarogapuocrs B.B.Kyapseresy u A.C.Ilogkon3uny.

2 OcHoBHbIe TIOHATUA 1 (HOPMYJTIMPOBKA PE3YJIhb-
TaTOB

Hanomuuwm mousitue CIT u npyrue HeoOXoIuMble MOHATHS.

[Iycts X — MHOXKeCTBO 3amTpoOCOB, TpuydeM Ha X OMpEIeIEHO BePOSITHOCTHOE
npocrpanctso (X, o, P), rae o — anrebpa moaMHOKeCTB MHOXKecTBa X , P —
BEPOATHOCTHAS MEpa Ha 0.

V = {y1,92,...,yr} — Koneunas Gubauoreka, npuuem V C Y, rue ¥ —
MHOXKECTBO 3anuceil (00beKTOB [IOUCKA).

p — Ounaproe otHomenne Ha X X Y, HA3BIBAEMOE OTHOITIEHNEM ITOMCKA.

I = (X,V, p) — 3amaga undopmanuonnoro noucka (3UII), koropas cocrour
B MEPEYNCICHUN JJIsT TPOU3BOIBHO B3ATOTO 3ampoca £ € X BCEX TeX W TOJIBKO
Tex 3amnmcei u3 V' , KOTOpBIE HAXOAATCS B OTHOIIEHHH P C 3aIPOCOM I .

O(y,p) ={z € X : zpy} — renp 3atucu y € Y .

Ny ={2z € X : f(z) =1}, roe f — oqHOMeCTHLII IPEIUKAT, OLpeIeTeHHbLH
ma X ,re. f: X — {0,1}.

Xy,p : X = {0,1} maxas, aro Ny, = = O(y, p) — xapakrepucrudeckas (QyHK-
1WsT 3aInCH Y.

F — MHOXKECTBO CHMMBOJIOB OJHOMECTHBIX NPEIUKATOB, ONPEIETEHHBIX HA
MHOKECTBEe X , HA3BIBAEMOE HA30BBIM MHOKECTBOM IMPEJINKATOB.



G — MHOKECTBO CHMBOJIOB OJTHOMECTHBIX MEPEKII0YaTeIeH, OMpeIeTeHHbIX
uHa muoxkectse X . [Tog mepekaouarensmu OyaemM MOHUMATE GYHKITHN, 00IaCTHIO
3HAYEHWH KOTOPHIX ABJIAIOTCA KOHEYHBIE TIOIMHOKECTBA, HATYPATHHOTO PAIA.

[Mapy F = (F, G) nazosem 6a30BbIM MHOXKECTBOM.

Ecnu n — marypanbhaoe uucio, a g(z) — HeKuil nepekJiouaresb, TO 4epe3
¢y (z) obosmaumm MpesEKaT, ompeaeTenHbil Ha X, Taxoii, 9To

Nen ={z € X : g(z) =n}.

O60o3HaUNM R
G={¢ :9€eG,neN}.

Omnpenenenve nousitus CIT moxkuO pa3dbuts Ha nBa stana. Ha mepBom sra-
e pacKpbIBAETCs CTPYKTYpHAs (CXeMHAsl) YaCTh ITOrO TIOHATHs, HA BTOPOM —
dyHKIMOHATBHAS.

I 51 an Omnpenenenne UCII ¢ Touky 3peHust ee CTPYKTYPHI.

[Mycrs HaM JaHa OpUEHTUPOBAHHAS MHOTOIIOTIOCHAS CETh.

BoiaenM B Helt OfMH MOJTIOC U HA30BEM €ro KOPHEM, a OCTAJbHBIE MOJI0Ca,
HA30BEM JIMCThSIMH.

BrigearM B ceTH HEKOTOPBIE BEPIIUHBI M HA30BEM UX TOUKAMU TEPEKJII0Ue-
aus (MOJIOCA MOTYT OBITH TOUYKAMHU MEPEKJIIOUEHNUS ).

Ecnu [ Bepimna ceTn, TO Uepes ¢)g 0603HAUNM HIOTYyCTEIEeHb HCXOIa BEPIIIH-
HBL 3 .

Kaxmoit rouke nepekiiodenus:  conocraBuM Hekuit cumsos u3 G, Takoit,
YTO MAKCUMAJILHOE 3HAUEHHUE TIePEKII0UaTeIsI, COOTBETCTBYIOIIEr0 3TOMY CHUM-
BOJIy, He TIPEBBIMIAET 3. DTO COOTBETCTBHE HA30BEM HATPY3KOil TOUEK Tepe-
KJTIOYEHUS.

st KaxK 0l TOUKH TIePeKTIoUeHus 3 pedpaM, U3 Hee HCXOSIINUM, TOCTABUM
BO B3aMMOOHO3HAYHOE COOTBETCTBHE YHCTIa U3 MHOXKecTBa {1,1)3}. Dru pebpa
HA30BEM IEPEKJII0YATEIbHBIMU, & 9TO COOTBETCTBUE - HATPY3KOHM MEPEKTI0Yua-
TEJIbHBIX pebdep.

Pebpa, He ABISIONINECS TEPEKIIOYATETHLHBIMU, HA30BEM MPEIUKATHBIMU.

Kaxnomy npemukarHOMy pebpy CeTH COMOCTABAM HEKOTOPBIH CUMBOJ W3
MHOXKecTBa F. 9TO COOTBETCTBHE HA30BEM HAIPY3KOIl MPEIUKATHBIX pedep.

ConocraBuM KazKJOMy JIUCTY CETH HEKOTOPYIO 3AMUCH U3 MHOXKECTBa Y. DT0
COOTBETCTBUE HA30BEM HATPY3KOMW JINCTHER.

[MonyueHHyI0 HATPYKEHHYIO CeTh Ha30BeM MH(MDOPMAIIMOHHONW CETHIO C TIepe-
KJIOUATENISIMI HaJl 6a30BBIM MHOXKecTBOM F = (F,G) .

IT 5 v a n. Onpenenenne dpyukimonuposanus 1UCII.

Mycrs nam gana UCIT U .

[MocrenoBaTeIbHOCTH OPUEHTUPOBAHHBIX pedep cetn (a1, aq), (az,as), ...,
(=1, Q) HA30BEM OPUEHTUPOBAHHOMN IEIbIO OT BEPIIUHBL (1] K BEPIIUHE (.

Ecin ¢ pebpo cern, T0o depe3 [c] 0603HAUNM €ro HATPY3KY.

IIpoBopumocrbio pebpa («, f) Ha30BeM mpeaukar, paBHbBI




e [(a, )] , ecaim pebpPoO — MpeaUKATHOE;

° fg(a’ﬂ )l , €CJTH pedPO — MEPEKTI0YATEIHLHOE, T/IE § — MEePEKII0YATE b, COOT-

BETCTBYIOIIWIT BEPITUHE ( .

[TpoBOAMMOCTHIO OPUEHTHPOBAHHON e HA30BEM KOHBIOHKIUIO TPOBOIH-
MOCTei pebep Ierm.

B HCII no aHajioruu ¢ KOHTAKTHBIMU CXEMaMHU BBEIEM JJIs KaxKJOH Hmapbl
BepinH o 1 3 GYHKIMIO IPOBOAUMOCTH fo3 OT BEPIIUHLI (¢ K Bepuiuue 3 ciie-
AYOMIM 00pa3oM:

e ccma=L,10 fop(x) =1 (z € X) ;

e ecu o # f u ue cymiecrsyer B CII opuenTupoBanHbix 1eneit or a K 3,
10 fop(z) = 0;

e ecu o # [ ¥ MHOYKECTBO OPUEHTUPOBAHHBIX Ilereil OT « K [3 He MyCTOo, TO
fas(T) paBHO TU3BIOHKINK IPOBOIMMOCTEH BCEX OPHEHTUPOBAHHDIX IeIeil
or a K f.

Oyurnuo mpopogumoctu or kopusi UCIT x mekoropoit Bepmmue [ VCII
HazoBeM dyHKIHel dbuabrpa BepiiuHel 5 1 0603HaUNM @3(x) .

Yepes R(U),P(U),L(U) (nnu upocto R, P, L) 0603HAYNM MHOKECTBA Bep-
HIMH, TOYEK MEPEKTIOYEHNs U JINCTHEB CeTH U COOTBETCTBEHHO.

[Tycts N — HEKOTOpas IOACETH (T.€. MPOU3BOIBLHOE MOIMHOKECTBO BEPIIAH 1
pebep) VICTI U. Yepes (N') 0603Ha9MM MHOKECTBO 3ATUCEH, COOTBETCTBYOIIX
JIUCTHIM 3TOM mojceru (B YACTHOCTH, €CJIU (¢ — HEKOTOPBIH et cerd U, To mog
() Gynem MOHMMATDH 3aMUCh, COOTBETCTBYIONLYIO JIUCTY ().

Byzaem rosoputs, uro UCII U peamusyer dyuxmmo J : X — 2Y, naseisae-
Mmyto dyHuknmeii orsera cetr U U OMpenesieMyio COOTHOIEHUEM :

J (@) = ({a € LU) : pa(z) = 1}).

[MousiTue MUCII mOIHOCTHIO OMPEIeIeHoO.
Ckaxkem, uro VICII U paspemaer 3UII I = (X, V, p), ecu gnga Vo € X

J(x)={y €V :zpy}.

Cnoxnuocreio UCIT U wa 3ampoce £ HA30BEM YHCIIO

T(U,z)=b- Y s-ps@) +a- Y (),

BER\P BEP

r7e KOHCTAHTa, @ XapaKTEPU3yeT CJIOKHOCTH BBIYUCIEHUS OJHOTO MEePEKJII0vaTe-
Jist, a KOHCTaHTa b — OHOTO MpeauKaTa.

Janee Bclomgy OymeM Mpeanosararh, 9TO MBI HAXOIUMCS B YCIOBHUSX JIEMMBbI
1 u3 [3], T.e. Oymem cumTarh, UTO anredpa o COMEPKUT Bce MHOXKecTBa N7, TIe

feFUQG.



ITpu stux yeaosusx T'(U, ) — caydaifHast BeIHYUHA 10 &, U MOYKHO BBECTH
HOHATHSA CJIOKHOCTU CETH U CJIOXKHOCTHU pedpa. CeTH.

Caoxuocrbio UCIT U HazoseM MaTemaTudeckoe oxkuganne pesnansst T (U, x),
T.€. YUCJIO

T(U) = MT(U,z).
Ecnu (8, a) — peopo UCII, To CI0KHOCTHIO 3TOrO pedpa HA30BEM YUCJIO
e b-P(N,,) — ecmm (3, a) — mpeaukaTHOE PEOPO;
e a-P(Ny,,)/1p — ecim 310 pebpo — mepeKII0UaTeTHHOE.

Jlerko Bugers, uto cioxuoctk VICII pasua cymme ciaoxkuocreit pebep NCII,
T.C.
TWU)=b- > ¥sP(Ny,)+a- Y P(N,,).

BER\P BEP

Hanee Bciogy Oymem mpenmosiararb, 9to ¢ = b = 1.

Mycrs nam gana UCIT U.

O6bemom Q(U) UCII U nazosem uucisio pebep B ceru U.

[Mycts nam mama mekast SUIL I. CooxuocThio 3ama4un I mpu 6a30BOM MHO-
xectBe F U 33JaHHOM O00beMe g HA30BEM YUCJIO

T, F,q) =inf{TU):U U, F)nQU) <q},

rae U(I, F) — muoxecrso scex VUCII nan 6a3oBbiM MuO)KecTBOM JF, pasperra-
rommx SUIT 1.
Yucmo
T(I,F)=min{T(U,F,q): q € N}

HA30BEM CJIOYKHOCTHIO 337a4u I mpu 0a30BOM MHOXKecTBe F .

Paccmorpum ciemyroryo 3UTI, koTopasi onuchiBaeT 3a/ia9y NOUCKA UIEH-
THYIHBIX O0HEKTOB.

IIycTs Y — MHOXKeCTBO 3ammceif, 1 IycTh HA Y 3a/1aHO OTHOITIEHNE JTHHEHHOTO
mopaaka < . I[Iycts X =Y — MHOMXKeCTBO 3ampoOCoOB.

IIycrs V = {y1,...,yx} C Y.

IIycTh oTHOIIIEHUE TTOMCKA P €CTh OTHOIIEHNE UAECHTUIHOCTH, T.€.

TPpY <> T =Y.

[Ipu Boinonnenun srux yeaosuit SUI I = (X, V, p) 6ynem HasbiBaTh 3a1a4eii
MOWCKA, WIEHTHIHBIX 00HEKTOB.

ITycts va X 33JaHO0 BEPOATHOCTHOE pocTpancTso (X, o, P) .

[ycrs gi, (z) — nepexsovaresns Takoii, 4To

gl (x) =i, ecmn x € X;(i = T, m), (1)



rae X1, Xs,..., X, — pa3éuenune muoxkecrsa X (re. X = X3 UXoU---U X,
u X;NX; =0, ecnu i # j) rakoe, uro P(X;) < ¢/m (i =1,m), rae ¢ = const,
HE 3aBUCAIIAS OT M.

IIycrs
9 |1, ecmz <a
ga(w) = { 2, B IPOTUBHOM Cilydae e €X, (2)
/0, eciuz #a
o ={ ] ezt aex )
IIycrs
G1 = {gh(2) :m € N}, (4)
Go = {g;(z) 1 a € X}, (5)
F={f.z):a€ X}, (6)
F =(F,G1 UG>). (7)
ITycrs Ng = N U {0} — MHOKECTBO 1IEIbIX HEOTPHUIATEIbHBIX YHCEIL.
IIycTs
0, ecim ] =0
Li(l) =< ]logl[+1, ecmml=1,2,3 — (8)

logl +2, ecmmul >4

dyHKIH, ompeaeaeHHas Ha MHOKecTBe Nj.
Torma cupaBeTUBa CJIEIYIONIAST TEOPEMA.

Teopema 1 ITycmo I = (X, V, p) - 3adaua noucka udenmuunoz 0bsexmos, 2de
V| =k, F - 6asosoe mnoocecmeo, onpedessemoe coommouenuamu (1) — (7).
Iycmo s(k,m) = 2-k. ITycmwv L(1) = Ly (1), 2de L1 (1) — Ppynryus, onpedeasemas
coommnowenuem (8) Tozda

crnran < 5((0- (2] ) 2((2])
oo o] ) £ (D)

B wacmnocmu, ecau cg = max(c, 1), mo

3

1< T, F,s(k,[co-k]) <2
uT(I,F)~1 npuk — co.

ITepeitneM K pacCMOTPEHMIO 33189 O GJIN30CTH.
B ormuann or 3UII B 3amagax o 6ausoctu (30B) orHOeHHe moucka p 3a-
naercag Ha X X V.



Paccmorpum cienyronryto 3aady o 6sm3octu. IlycTs HA MHOXKeCTBE 3amuceit
Y zamano orHomenue auneitHoro mopsaka <. Ilycth MHOXKeCTBO 3ampocoB X =
Y. Hyers V = {y1,...,yx} C Y.

OrHomervie oncka p 3agaerca Ha X X V u onpenensercs COOTHOIIIEHTEM

zpy = (y € V)&(z 2 9)&(=3y) (v € V)&(z 2 y")&(y' <)),

T.e. Tpy, ecmm y € V, bnmrkaiimee cnpasa K .

[Tpu Bemosaenuu 3tux yenosuiit SUTL I = (X, V, p) HazoBem nepsoii 3a1aueii
0 OII30CTH.

[Iyctrs 6a30BOE MHOXKECTBO

.7: - <@,G1 U G2>, (9)

rae Gy u G2 onpegensiorcs coornomennsmu (1), (2), (4), (5).
IIycTs
l ecin 0 <[ <3

L) = { log(l +1)+1, eciul >3 (10)

Teopema 2 ITycmo I = (X,V,p) — nepsas 3adavwa o 6auzocmu, 2de |V| = k.
ITyemv F — 6asosoe muosicecmeo, onpedessemoe coommnowenuem (9), s(k,m) =
2k +m, L(l) = Ly(l), 2de La(l) — pynryus onpedesseman coomnowenuem (10).
Tozda cnpasedaiuso ymeepocderue, chopmyasuposartoe 6 meopeme 1.

Anamorngso peniaercs 3aja4da, U KONJIA HAO HAWTH OIMKANUIIYIO K 3AIIPOCY
cieBa 3amnuch B OMOJIMOTEKE, T.€. KOTA P ONPEIEIIeTCs COOTHOIIEHUEM

zpy <= (y € V)&(y 2 2)&(=Fy) (' € V)&(y' 2 2)&(y <y))).

3UII I = (X, V, p) c TaknM OTHOITIEHHEM TTOMCKA HA30BEM BTODOIT 3a1a4eil o
6s1m30CTH.

Paccmorpum crempyromyio 3UII, koropast onmuchbiBaeT n-MepHYIO 33/1a9y WH-
TEPBATBHOIO MOMCKA.

IIycrs

Y =[0,1]%, V ={3',....5*} C Y,
. p— (11)
X ={% = (u1,v1,...,up,vy) 1 0<u; <v; <1, i=1,n} —

MHOKECTBO 3ampocoB. IlycTh Ha MHOXKecTBe X 3aJaH0 BEPOATHOCTHOE IMPO-
crpanctso X, 0, P), rme P 3anaerca dbyHukimeii mioTHOCTH BepOATHOCTH P(1T).

OrHorerve moucka p omnpeaeaeHo Ha X X Y ¥ 334aeTCsd CIeIYIOIMNM COOT-
HOIIICHUEM

(U1, 01,y Uy V) PY1s oy Un) <= u; <y; < v, 1= 1,n. (12)
IIycrs

Gi = {gim(ul,vl, oy Up,vp) =max (1, Ju; -m[) :i € {I,n}, m € N}, (13)



Gy = {g?,m(ulavla s ,Un,Un) = max(l,]v,» m[) S {lan - 1}7 m € N}7 (14)

1, ecit u; < a

9 ecnmu; >q |0 € L0k a0 1]}

(15)

Gs = {gza(ul,vl,...,un,vn) = {

1, ecin v; < a

2, eciid v; > a cie€{l,n—1}, a€0,1]}.

G4 = {g:},a(ulavla"':unavn) = {

(16)
O6o3ua4nM
Map={% = (u1,v1,...,un,vpn) € X 1 up <b, v, >a}.
IIycTs
Fl:{fa7b:Nfa,b: a,bs Ogagbgl}a (17)
F2:{_'f0,a:a€ [071]7 fO,aeFl}a (18)
1, ecmn up < v, <up+a
— 5 _ ) n > Un n .
G5 = {galur, v,y tin,vn) = { 2, B IPOTHBHOM ciaydae € [0,1]},
(19)
IIycrs
.7::<F1UF2,G1UG2UG3UG4UG5>. (20)

Teopema 3 ITycmo BUII I = (X,V,p) — n-mephas 360646 UHMEPSANLHOZO
noucxka, onpedesseman omuouenuamy (11) — (12), F - basoeoe mmoscecmso,
onpedeasemoe coommowenuamy (13) — (20). Iycmo

R(I) =" P(O(y,p))-

yev
Toz0a ecau dynryua naommocmu eeposmuocmu p(z) < ¢, mo
R(I) < T(I,F,(4k+3+ (1+6]logk]) - co) (k (k +1)/2)""") < R(I) +4n+1,
2de co = max(1,c/2"71).

OTa Teopema Oblia aHOHCHpOBaHA B [4].



3 Ilouck maeHTUYHBIX 00HLEKTOB

B srom pa3mesne uccaemyercs 3a1a9a MOUCKA, UIEHTUIHBIX 00bEKTOB U TPH-
BOJIUTCH JIOKA3ATEILCTBO TEOPEMbI 1.
Jltst 3TOrO cHaYasa JOKAXKeM CJIEIYIOInee BCIOMOTATETHHOE YTBEPXK IeHHe.

JIemma 1 ITyemo Ly (1) u Lo(l) — pynryuu, onpedesennoie sviwe, nycms k,m €
N, nycmo

rj(k,m) = max{z L](ll) :ly € No,...,l,, € Np, le = k}
i=1 i=1

(2] () o (]

Hoxkazarensctso: Ecin moonpenenuts dyukimio Li(l) Ha MOJ0KATEILHYIO
OJIyOCh 9MCJIOBOM MPSAMOi, HAIIPUMED CIIEIYIONIAM 00PA30M:

Li(z) = T, ecm 0 <z <4
BT logz 42, ecom x> 4 ’

a bynkuuio Ly (1) — caepyomum obpazom:

Lo(z) = T, ecm 0<zr <3
27U log(er + 1)+ 1, ecmm x> 3 ’

TO TIOJIyUeHHbIe (DYHKIMYM OyIyT HEMPEPBIBHBIMU U BOTHYThIMH. U, BOOOIIE ro-
BOPsI, BOTHYTOCTD 3TUX (DYHKIU OObACHIET PE3yIbTaT JIEMMBbI.
Bonee moapobHoe moka3aTenbCTBO OyIeM BECTH OT IIPOTHBHOLO.
[Ipenmonoxkum, 94TO IEMMa, HE BEPHA, T.€.

o) =305 (k- [E]om) o ([E] +1)+

N C R () R

u cpeu aucen l;(i = 1,m) cymecTByer 2 9uciia, pasHOCTh KOTOPBIX HE MEHBIIE

JIBYX.
Bes orpannyenusi OGIIHOCTH MOYKeEM canTarh, uro [ — I > 2.

IIycTs
" — lll + l12 lll — lll + ll2
1 2 ) 2 2 .




W+ =0+lnly -1 <1
Tak xax ¢yuknus L;(z) BOrHyTas, TO IO CBOACTBY BOTHYTHIX (byHKI[HIL

L;(1) + L (ly) < L (1) + Lj(15), j =1,2. (22)
Ecnu B HepaBecrBe (22) HEpaBEHTCTBO CTPOrOe, TO MOJIYYUIU IPOTUBOPEYLE,

m
TaK Kak E L;(l}) — me MaKCHMAJIBHO; eciu ke Het, T obo3naunm [} =1} (i =
i=1

3,m) ¥ miepeiizieM K PACCMOTPEHUIO0 CYyMMbI

m

SOLi) =Y L} =ri(k,m), j=1,2.

i=1 =1

Ecnu cpenn ancen I} (i = 1,m) Her maps! 4nces, pasHOCTb KOTOPBIX Hpe-
BbImIaer 1, TO moyyduM mpoTuBopedne ¢ HepaBeHcTBOM (21), ecsiu ke ecTb, TO
ONATH TPOJETIAEM OIEPAINI0, OMUCAHHYIO BBIMIE W M3DABUMCS OT TAKOW MapHI,
U Tak OyIeM MpOJEeIbIBATH /10 TEX IMOP, MOKA JIMOO He MOJYyYUM CTPOroe Hepa-
(n) 1)
1 9

BEHCTBO B HepasecTse (22), smbo He npugem K pasdueHuro | m , TAKOMY,

Yo
m
n .
9TO0 E Lj(lz( )) =r;(k,m), j = 1,2 u Bce oHE OTIHIAIOTCS He Dosee, UeM Ha
i=1

1, u, Tem cambiM, HOJIY9YMM POTUBOPEYME C HepaseHcTBOM (21).

Yto u TpeboBaIOCH JOKA3ATH.

[Mepeiinem K JOKA3aTEIBCTBY TEOPEMbI 1.

[ocrponm ceth UY, | nMerontyio BujL Jepesa, CIeIyIoNuM 00pa3oM.

Bosbmen Beprany By u 00bsauM ee koprem cetu UY,. Boimycrum u3 By m
pebep, TpUMUINEeM UM 9ucaa oT 1 10 m, 00baBUM (g TOYKON TEpPEKTIOYeHUT 1
npunuieM eif nepexsodarens gl ().

Mycrs V; = X; NV, I; =|V;|, i =1,m.

Kowner pebpa ¢ HomMepom i obo3uauum [3;.

g Beex 4 Takux, 9ro V; # () mpomensaeM cienyomiyio mponeaypy. Boimy-
CTUM W3 BEPIIWHKI [3; OnHapHOe cOATaHCUPOBAHHOE IEPEBO C [; KOHIIEBLIMU Bep-
mmHamu, BeicoThl | logl;[, Bce pebpa KOTOPOro OpUEHTHPOBAHBI OT KOPHS K KOH-
[EBBIM BepinuHaM. Kciii B 9TOM JilepeBe ecTh BHYTPEHHsIS BEPIIUHA, U3 KOTOPOit
UCXOIAT pebpa, BEeIyIIue OJHO B KOHIIEBYIO BEPIIHUHY, & JPYTroe BO BHYTPEHHIOI
(ecsin Takasi BEPUIMHA €CTh, TO OHA TOJBKO OJHA), TO M3 KOHIEBOI BEPIIUHBI, B
KOTOPYIO BEIET OJIHO U3 3TUX pebep, BhImycTuM 0aHO pebpo. [Toayuennoe mepeBo
obo3nauum D;. OObIBUM KOHIEBbBIE BEPIIMHBI 9TOIO AEPEBa JUCTbSIMHU U COIO-
CTaBMM KM CJI€BA HAIPABO B NOpsizke Bo3pacranus jaementsbl u3 V;. (Fosops o
JiepeBe Mbl [IO/Ipa3yMeBaeM HEKOTOPYIO ero yKJalKy, U HalpasieHus "Biaeso",
"BrpaBo"onpenenaioTcsa yKe Ha ITOH YKIIAIKE. )

[TycTs B mpousBosbHAST BHYTPeHssA BepinuHa aepesa D; . Obo3naunmM depe3
V3 MHOMKeCTBO 3ammceif, COOTBETCTBYIOMNX JINCThAM BETBHU, pacTyieil n3 3 .
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IMycts B’ BepumHa B KOTOPYIO BEJET J€BOE (€C/IU OHO OIHO, TO €IUHCTBEHHOE)
pebpo u3 S . Ilycrs
Ys = 100X Y-

O6bsiBUM BCe BHYTPEHHME BEPIIUHBL JepeBa D;, U3 KOTOPBIX UCXOHAT pedpa,
BeJlyllle BO BHYTPEHHUE BEPIIUHDI, BEPIIUHAMU TIEPEKJIIOUCHUS U IS KaXK IO
TAKOI BepIIUHBI § JIeBOMY peOpy, U3 Hee BLIXOAIIEeMY, TIPUTIUIIEM 1, & TpaBoMy
— 2, a caMOif BepIINHE IPUIHALIEM TE€PEKIIOYATED gz ; (z).

Bce pebpa mepesa D;, BXOISIINE B TACThA, OObIBUM MPEIUKATHBIMHA U IIPU-
[UIIeM KaXKIOMY TaKOMY PeOpy, BeLyIieMy B JIHCT C 3allUChIO Y, Ipenukar fy(z).

Homyuennyio cerh ¢ |V| = k muerbsavu obozaaanm U2 . Dto ceth Haz 6aszo-
BBIM MHOXKecTBOM F .

[okaxewm, uro U2, paspemaer 3amaqy I = (X, V, p).

Bosbmem npomsBosbHbIE auct . [Iycrs emy npunucamna 3amuch y € V. Io-
CTATOYHO IIOKA3ATh, ITO Yo () = fy(z). Tak kKak B JauCT o BefeT mpenuKaTHOE
pebpo ¢ mpeaukaToM fy(z), TO

Ny (z) € Ny, (z) = {y}-

ITokaskeM, 9TO @4 (y) = 1.

[Mycrs y € V; (i € {1,m}), T.e. iuct a npunaamexxur nepesy D;. B mero se-
JIeT eIMHCTBEHHAS LEelb, COCTOsAIAasd 13 He bosee, yeM |logl;[+1 pebpa, npuyem
Bce 3TH pebpa, KpoMe MOCIeIHero, nepekmodaTenbube. Tak Kak g2, (y) = i, u
TaK Kak MepBoe pedpo B 3TOi 1enu eCTh ¢ — 0e pedpo, UCXOAINEe U3 KOPHS, TO
NPOBOIUMOCTD MepBoro pebpa B nenu pasua 1. Tlocienuee pebpo B menu mpey-
KaTHOE ¢ ImpenukaroM f,(z) u ero mposoxmMocts pasHa fy(y) = 1. IToxkaxem,
YTO IPOBOJMMOCTH OCTAJIBLHBLIX pebep nenm pasua 1. Bosbmem nmpoussonsHOe 011-
HO u3 arux pebep (3,0'). Eciu (B, 8') nesoe, ucxonsamee u3 S, 0y € Vg u
NpPeIVKAT, IPUIMCAHHBIN Bepiiute (3, gzﬁ (y)=1, rak kax

!
ySyﬁ—;}é&ij-
Ecnu (8, 8') npaBoe pebpo, ucxonsruee u3 3, 10 y > yz i gzﬁ (y) = 2, Tem cambiM
npoBoauMocTh pebpa (5, 8') B oboux ciyuasx pasua 1.

Takum 06pa3oM, MBI MOKA3AJIH, 9TO Qo (Z) = fy(z). YUINTHIBAS IPOU3BOMIL-
HOCTH JmcTa « 1 TeopeMy 1 u3z [3] nomyuum, uro cerb UD, pemaer samady
I=(X,V,p).

O6mem ceru UL,

Q(Ug)gm+i(2-zi—1):2-k.
i=1

[oacanTaem CIOKHOCTD MOMydennoi cetu U,

11



Paccmorpum npoussosbHbIit 3anpoc x € X;. [Ipu [; = 0, mepeso D; — mycto
u T(Ug,z) = 1. Ecim I; > 0, T0, Kak MBI MOKA3aJIM BbIIIE, AKTUBHBLIE HA 3TOM
3ampoce BepumHbl cetn U§® (Bepmmua [ akTHBHA Ha 3aIpoce, ecian pg(z) =
1) obpasyior eJMHCTBEHHYIO Iellb, BEAYNIYI0 U3 KOPHs K BEepIIMHE C UCKOMOI
3aIUCHI0, eCJN UCKOMas 3aIUCh €CTh B OMOJIHOTEKe, MM HEKYIO MOIIENb JTOit
Ienw, ecan uckomoit 3ammucu Her. Ilpudem B 9T0i menn He Gosee, dem |logl;[
MEPEKTI0YATEILHBIX BEPINUH W OHA BEPINUHA, U3 KOTOPON MCXOOUT HE Dojee
IByX pebep ¢ mpeaukaramu. Tem caMbiM

T(Uy") < 2+]logli[< 14 Lyi(1y),

rae Ly (l) — dyuknus, onpenensgemas coorHomenueM (8).
I[To ompenenenuio u, yIuThLIBag JeMMy 1,

TP = MTUP,) = /X T(UY, 2) P(dz) =

- Z/'T(Ugn,a:)P(d) Z(1+L1(l ) - P(Xi) =

: %((k—Hk ) (i)
e (e ] 2 ()
Mycrs ¢o = max(c, 1). Bossmen m = [¢o - k]. Toraa m > k. Ecan m = k, 1o

k/m=1mn
r(m,k) =0-Li(2) + k- Li(1) = k- Li(1).

Ecmum > k, o k/m=0n
r(m,k) =k-Li(1)+ (m —k)-Li(0) = k- Li(1).
CnenosarenbHO

T(I,F) <TUFM) <1+ ——k-Li(1) < 2.

[co k]
Ecou B3site m = k-a(k), tne a(k) — oo mpu k) — oo u a(k) > 1 nipm srro6om

k, To
c k

a1

C apyroit cropoubt T'(I,F) > 1, Tak KaK u3 KOPHs JOJIKHO UCXOIUTH XOTs Obl
OZIHO pebpo, MOCKOIbKY k > 0.

T(I,F) <1+

12



Yro n TpeboBaIOCH JOKA3ATH.

[MpuBemem aBa MpuUMepa, 330a9M MOUCKA UIEHTUYHBIX 00HEKTOR.
IIpumep 1. Paccmorpum caemyromyio 3UII.

IMycrs Y =10,1], X =10,1], V ={y1,...,yx} C Y.

OrHolIeHYEe TIOUCKA P €CTh OTHOIIEHUEe UIEHTUIHOCTH, T.€.
TPpY < T =Y.

[ycts ma X 3amaHo BeposTHOCTHOE mpocTpancTso (X, o, P), u P 3amaerca
MJIOTHOCTBIO BEPOATHOCTH P(T).
IIycrs

X1:{xeX:nggl/m}.Xi:{xeX:%<x§x%}, i=2,m,
(23)

Torna nepekmouarens gL, (r) = max(1,]z-m[) yaosrersopsier coOTHOIIEHUIO
(1).
Ecmu p(z) < ¢ = const, o P(X;) < ¢/m, u Mbl HaxoquMCs B yCJIOBUSX
TeopeMbr 1.

[Tpusenem HepOpMATIHHOE ONUCAHNE ATITOPUTMA. TIOUCKA, TIPUBEIEHHOTO B JI0-
Ka3aTelbCTBE TeOpPeMbl 1 MPUMEHHTETBHO K 9TOM 3a1ade.

Pazo6bem orpesok [0, 1] Ha m paBHBIX YacTeil B COOTBETCTBHU C COOTHOIIIE-
HusMu (23).

Kaxk0#i 9acTi COMOCTaBUM TIOMHOXKECTBO MHOXKECTBa, V', COCTOsIIEe U3 TO-
YeK, MPUHAJJIEIKAIINX STOH JacTu.

Terneph 17151 TPOU3BOILHON TOYKU-3aITPOCA I TOUCK TOYKY U3 V, MIEHTHIHOI
3ampocy, OyaeM BECTH CJeLyIONuM 00pa3oM.

Omnpegennm Ty 9acTh OTpe3Ka, KOTOPO MPHHAIEKUT 3anpoc . Ee Homep
papen min([z - m] + 1,m).

Tereph BO MHOXKECTBE, COMTOCTABIEHHOM HAIEHHOH YaCcTH, OCYIIIECTBUM O0BIY-
HBIU TUTOXOMUYECKUUN TTIONCK.

CornacHo nemme 1, HanboJbliee cpejiHee BpeMs Ioncka GyaeT B TOM CIydae,
KOIJIa TOYKH M3 MHOXKeCTBa V DaBHOMEDHO PACHPEIENEHBI [0 BCEM M YacTsM
OTpe3Ka.

Ecin B kKavecTBe m B3sTh m = k, TO caydaii, KOT/Ia B KA¥KIYI0 9aCTh MOMAIeT
o ofHoOi Touke M3 V, Gymer WMeTh HAMGOJNBIIYIO CIOKHOCTh. A MOCKOJIBKY
HAWTH WM He HAWTH OOBLEKT BO MHOMKECTBE MOIIHOCTH 1 MOXKHO 3a 1 miar, To
B cpeJiHeM 3a 2 mara (Ha HepBOM Mbl ONPEJIEJIIIN HOMED HY?KHON 9acTu) MbI
MOXKEM DEIIUTh 3334y MOMCKA NACHTUIHBIX 00BEKTOB.

IIpumep 2. IIycts X =Y ={1,...,N}.

OrHoIeHe MONCKa p eCTh OTHOIIEHNE WIEHTHIHOCTH.

[ycts (X, 0, P), — BEpOATHOCTHOE TPOCTPAHCTBO HAJ X, TIAE 0 — MHOKE-
CTBO BCEX IOJMHOKECTB, a BEPOATHOCTHas Mepa P ompenensier paBHOMEPHYIO
BEPOATHOCTb HA MHOXKecTBe 3anpocoB X, r.e. s aoboro z € X P(z) =1/N.

IIycTs 3amano m € N.
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IIycts r = N —m - [N/m)].
IMycts X7, ..., X, — pa3dueHne MHOKECTBA TAKOE, UYTO

Xi={r€X:1+(i-1)-(N/ml+1)<a<i-(N/ml+1)}, i =T,

Xi= {zeX: r-([Nml+1)+1+@G—-1-7r)-[N/m]<z <
<r-([N/ml+1) + (i =r) - [N/m]}, i =7+ 1,m,

u gt (z) =i, ecmu z € X;, i € {1,m}. Torna P(X;) < ([N/m] +1)/N < 2/m,

U MbI ONATh HAXOJMUMCS B yCJIOBHAX TeopeMbl 1 mipu ¢ = 2.
4 3agaum o0 b6Jam30CTH

B nanHOM pazzesie NpUBOAUTCS JOKA3ATEIHCTBO TEOPEMBI 2.

[ocrpoum cers UL, 1o ananoruu ¢ cerbio U),.

Bo3bmem Bepruay [y m 00bsSBUM ee KOpHeM cetu. Boeimyctum u3 By m
pebep, TPUMHINEM UM 9UCaAa OT 1 10 m, 00bABUM (g TOYKON TMEPEKTIOYeHUT 1
npumnmneM eif epexoUaTent gl ().

Mycrs V; = X;NV, I; = Vi, i =1,m.

Komner, pebpa ¢ HomepoMm i obo3uadnm ;.

g Beex 4 Takux, 9ro V; # () mpomensaeM cienyomiyio mTponeaypy. Boimy-
CTWM W3 BEPIUHGI 3; OuHapHOoe coatancupoBantoe mepeso D; ¢ [;+1 KOHIEeBbIMT
BepumHamu u BeIcOTHI | log(l; + 1)][.

O6bsiBUM BCe KOHLEBbIE BEPIIMHBI 3TOrO Aepesa D;, kpome mocieaueit (ca-
MOI1 IPaBOii), JIUCTHAMU U COIIOCTABUM MM CJIEBA HAIPABO B HOPsiJIKE BO3PacTa-
HU JIEMEHTHL u3 V.

st mpon3BoNILHOI BHYTPEHHEH BepImiHLI 3 nepesa D; BBemeM moHaTns Vg
W Y3, ONIpeessieMble Takyxke, Kak u B cetn UQ,.

O6bsiBUM Bce BHYTPEHHHUE BEPINUHBL fepeBa D; BepIInHAMU MEPEKTIOYEHUS
U I KayKJI0H BHyTpeHHEH BepmiuHbl [ jeBoMy pebpy, W3 Hee BBIXOMSIIEMY,
npunuieM 1, a mpaBoMy - 2, a caMO# BepIIUHE MPUIUIIEM [MEePEKII0YaTelb
9y, ().

ycrs i € {1,m}. O6o3naunm j(i) Taxoit Homep, uro j(i) > i, |Vji)| > 0 n
ue cymecrsyer j' : [V | >0wu j' >iunj < j(i), re. j(i) unmexc Gmkaiinrero
CBEpXy HeIyCToro MHOKecTBa Vj(;). Ecim Takoro MuoxecTBa Her, TO j (1) =0.

Teneps [1st Kaxk10ro fAepesa D; caMyto mpaByio KOHIIEBYIO BEPIIUHY JePeBa
OTOJKIECTBHEM C CaMBIM JIeBBIM JCTOM Jepesa D), ecmu j(i) # 0.

L1 KaxK 10r0 4 TAKOTOo, uTo [; = (0 BepruHy [; OTOXKIECTBUM C CAMBIM JIEBBIM
mmcrom gepesa Dj;), ecim j(i) # 0.

[omyuennas cetb u Gyaer cerbio U} .
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Jloka3aTeLCTBO TOrO, 9To ceTh Ul pasperniaer mepByio 3a1ady o GIU30CTH
I = (X, V, p) anajoru9Ho J0Ka3aTeILCTBY TOTO, 9To ceTh U, paspernaer 3aaxdy
MIONCKa NIECHTUYIHBIX O6'beKTOB.

O6mbem ceru UL,

m

Q(U,ln):m+2(2(li+1)—2):m:+2§:li:m+2k.

i=1 =1

[oacamraem cnoxuOCTH cetn UL .

Pacemorpum nipoussosbabiit 3anpoc x € X. Hpu l; =0 T(UL,z) = 1.

Ecmu [; > 0, To akTHBHOE Ha 3ampoce X BeprmHbl cet Ul ob6pasyior eaun-
CTBEHHYIO IIETh, BEAYINYIO W3 KOPHS K BEPIIUHE C UCKOMOW 3aliChi0 WU ¥KE
K caMoii mpaBoii BepIuHe mocaeanero aepesa D;. I B 3Toit memouke we 60j1ee
14+]log(l; + 1)[ mepexrOYaTEIHLHBIX BEPIIUH, U 3HAYAT

T(UL,x) < 14+]log(l; + 1)].

Orcrona cienyer, aro T(UL,,x) < 1+ Ly(l;).

Torga, kak caencTBue JeMMbI 1 1 1O aHAJIOTWH ¢ TeopeMoii 1 J1oKa3bIBaeTCs
YyTBEP:KIEHNE TEOPEMBI 2.

Yto u TpeboBaIOCh JOKA3ATH.

5 n—MepHad 3aJilada MHTEPBAJILHOTO IMONCKA

[IpuBengem 10Ka3aTEIHCTBO TEOPEMBIL 3.
O60o3Ha9nM

T = (ulavla"'aunavn)a 21, = (uiavi)a

X1 ={(u,v):0<u<v <1},

pi(u,v):/ / p(&)dzy ---dZ;_1 dZiyq - - dZ,,
X1 X1
—_———
n—1

JIerko BUIETH, UTO

pi(u,v)gc-/ / Az - d%i_y dEi - -dE, =
X1 X1

N ——r
n—1
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c Cc
'(l_u)_ on—1°

c C

p?(’U) — 9n—1 v < on—1"

pi(u) <

n—1

A [\

Pemars 3agaqy 6ymemM MeTomoM CHUKEHIsT pa3MepHocTH. IlokazkeM Kak MOXK-
HO MEPEeUTH OT PEeIIeHus N - MEPHOHN 3a]a9i HHTEPBATBLHOTO MOMCKA K PEIIEHUIO
(n — 1) - MepHoOIt 3ama9n.

ycts SCV,ul<iy < - <4 <n.

O6o3nauum gepes

Hi17...,i1(s) = {(yi17"‘7yil) : (ylv"'ayn) € S} -

MPOEKIUIO MHOYXKECTBA S HA KOMIIOHEHTBI 41, . . . , ij.
Obo3naunm

Wi ={(,y") ¢,y eI (V)uy <y"}, i =1k

Ouesugno [Wi| < k- (k+1)/2.

0O603HaUIM

Z'={(l, s, b, us) syl € M(V)myl <d, j=Ti}, i =1,k
s kaxxoit napset (y',y") € W onpenemnM MHOKeCTBO
Sy ={0= W1, yn) €V iy <y <y}
O6o3HaUNM
Vi=V, M'=TI'(VY), My ={y' e V' :y >y},
i—1

iyl 1 i—1 i1y _ j .
V(y17y27---ay1 y Yo )_mSJ ]-,’L—Q,’n,
1 Y1.Y2
J:

i i—1 -1 i (178 i—1 =1y
Mi(yi,ya,- -y Ly ) =V Y1y u by ), 0= 20m,

) 1 i ) 1 il .
Mi(ytys, -y oy ) = € M (yi,us,- 0y sy > ), i =20m

Torma n - MepHYO 33129y MHTEPBAIHLHOTO ITOMCKA MOYKHO PEIIaTh CIIEIyTo-
M 0DOPa30M.

IMycts & = (u1,v1,.-.,Up,vy) € X — IPOU3BOJIBHBIH 3aMPOC.

Crawama maitnem taxyto napy (y',y") w3 W1, uro y' — 6nmkaitmas cripaBa K

w1 ToYKa n3 MHOKecTBa M1, a y" — 6imKaifinas cieBa K v; TOYKA U3 Myl,. Ecmu
TaKOM Iapbl HET, TO OTBET Ha 3aIpoC Z IIyCT, €CJIA XKE €CTh, TO MBI MOMKEM IIe-

peiiTu K permenuto mjs 3anpoca &' = (ua, v, - - ., Up, Uy) (N — 1)-MepHOl 3318490
WHTEepBaJILHOTO TIONCKa B MHOXKecTBe [1Y2¥7 (V2(y' y")), Tak Kak MHOKECTBO
V2(y',y") comepxut Bee TOUKH § = (y1,...,Yn) € V Takue, uato u; < y; < vy.
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Takum crocoboM MbI 33 1 — 1 mar mpugeM K OJHOMEDPHON 3ajade WHTep-
BAJILHOTO TTONCKA, KOTOPYIO GyZIeM DEIiaTh MeTOIOM, OMUCAHHBIM B [3].

Omnummem VCII, koropasi pemaer 330349y I OMUCAHHBIM BBIIIIE METOIOM.

Cunavana nocrpoum VICII UL, pematomniyio nepsyio 3ajady o G1u30CTH st
MHOKecTBa M Tak, Kax GBITO ONICAHO B JOKA3ATEILCTBE TEOPEMEHI 2, TAE B
KadecTse mepemerpa m BozbMeM m = [cp - k]. Torma Q(UL) = 2k + [co - k] u
TUL) < 2. 1 ) )

) BaMe;H/IM B ceT U, TIepeKTIIouaTesb g, Ha gi ,,,, & BCE MePEKTOTaTe/N BU/Ia
gyﬁ Ha gLyﬂ .

BosbMmeM npou3BosibHbI ucT a cetu UL,.

I[TycTh eMy cOOTBeTCTBYeT TouKa y € M.

Ob6bsaBUM ( BHYTPEHHEH BEPITMHOM U yOepeM MPHUIHCAHHYIO eMy TOYKY Y.

[octpoum cets ULY, permaiomniyio BTOPYIO 3a7ady O GJIU30CTH I MHO-
xecrBa M, (ormernm, uro M, # (), rae B KadecTBe HmepeMeTpa m BO3bMEM
m = [co - [M}]). Torma QULY) = 2 [M}] + [eo - [ML[] < [M}]- (2 + co)
T(ULY) < 2.

Bamennm B cern U,V mepekmodaTenb g, Ha gi ., & BCE NEPeK/II0YaTe I
BUIA 933 Ha, g‘iyﬂ.

Tenepnb oroxiecTBuM Kopenb ceru UY ¢ BepmmHoii a, T.e. ceth ULY Tenepn
Oymer pacTu U3 (v, IpUIeM (¢ HE OYIET MOJIOCOM IOy IeHHON CETH.

W HakoHeI I KaxKIOTO JIUCTa ¢ CeTn U}n*/ 3aMEeHUM MPUMTICAHHYIO JINCTY
o' rouky y' ma mapy (y,y'). 9Ty nmapy OyaeM BOCIPUHUMATH KAaK O0O3HAYECHUE
muoxecTBa V2 (y,y').

[Ipomemaem Takyo OMEPAIAIO st KAXKIOrO JIKCTA CETH U}n.

[Tonygennyio cers obozuadnm U;.

Ona umeer se 6osee k(k+1)/2 mucTbeB, KOTOPHIM B3ANMOOIHO3HAYHO COIIO-
cTaBeHnb maphi w3 Z 1. DTa ceTh mo3BoseT A71a To60ro 3ampoca & = (U1,v1, . . ., Uy, Uy) €
X maxomuts mapy (y',y") € Z' Taxyio, aro y' — GaErKaiiasg crpaBa K 1y TOIKa
w3 M, ay" — Gnmkaiiinas ciesa K v) TO9Ka u3 M), €CITH, KOHETHO, TaKas napa
CYIIECTBYET, T.€. TI0 CyTH T03BOJIfeT HAXOJAUTh MHOMKecTBO Touek V2(y',y'") C V,
KOTODbIE YJIOBJIETBOPSIOT IIE€PBOii m1ape HepaseHcTs u3 (12).

Tax kak B cern U}, TombKo 1 aKTHBHBIH 1TyTh, TO

TUY) =T(U}) +max T(ULY) <2+2=4.
y
Jlerko Bumerh, 9TO

QU < 2+co)k+ (240c0) > M| =k(k+3)(2+ co)/2.
yev?

PaccMOTpEM IPOH3BOMBHLIL JuCT o cetn UL,
[Tycts emy cooTercTByeT mapa (y,z) € W.
Ormernm, uro V2(y, 2) we mycro.
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Terephb TeM K€ METOIOM, KOTOPHIM Ha MPEIBLIYIEM IMare MbI I MHOYKE-
crea V! crponmm cers U, moctponm ceth myist MuokecTsa V2 (y, ). 3amenum
Terneph B 3TOH CETH BCE MEPEKII0YIATeIN BUIA gim,giyﬁ,gim,giyﬁ Ha TIepe-
KITOYATETH g5 1y G5 B,gim, 93 ,+ SAMEHNM TakzKe HArPY3KY JTHCTBeB STOIf ce-
TU TAK, 4TO ecJu JucTy npunucana napa (y',y"), To upunuinem eii dyerBepky
(y, 2,9, y")-

O6osmasumm momydennyio ceth Uy .

Tenepsb 00bABAM  BHYTPEHHEH BEPITUHOMN 1 yOEepeM MPUMHCAHHYIO €My Tapy
(y,2) ¥ OTOXKIECTBAM (¢ C KOPDHEM CEeTU U;Z, T.e. CeTh U;Z Oyzmer pactu u3 a.

[IponenaeM TaKylo OIHEPALUIO JJId KazKI0ro jaucta cetu UL,

[Mony4ennyto ceTh obozHaxmM U2,

Cers U? umeer ne 6onee (k(k 4+ 1)/2)° IHCTBEB, KOTOPBIM COOTBETCTBYIOT
YeTBePKU W3 MHOMKECTBa Z~, TpUdeM Kaxkjasa deTsepka (yi,ys,y?,y5) BOCIpH-
HUMaeTcs Kak obosHauenne muoxkectsa V> (yl, ys,y?,y3).

Jlerko Bunersb, uro T'(U?) < 8,

QU? < QUYH+(2+c)-

o IMehw)|+ D My ) <

(y1,y3)€Zt yeEM?(yi,y3)
k(k +1 k(k +1 k(k+1)\2
< (2+c0)<k+%>+(2+c0) k(;)+<(2+)> <
k(k + 1 E(k+1)\°
< (24 co) %-(k+2)+<%)

Hamee w3 U? anajormamsiM o6pa3oM MOTyduM ceTh U u T.11.

Ha (n — 1)-om mare mMbl mosyanm cetb U™, xoTopas Gyaer umers He 60-
nee (k(k+1)/2)""" mucTBeB, KOTOPBIM COOTBETCTBYIOT BEKTOPA W3 MHOMKECTBA
Z" 1. Dra cerb nosponser g moboro sampoca & = (U1,V1,...,Un,Vy,) Ha-
xomuth BekTOp (Yi,ys,...,yP Lyt t) € Z" ! rakoit, uro yi — Gmmkaiimas
cripapa K u; Touka w3 Mi(yl,yd, ...yt yiTY), a yi — Gmmxaitmas ciesa K
v; TOYKa W3 M;i (yl,ys, ...,y Lyl (i = T,n—1), ecanr e, KoHeuHo, Ta-
KOt BEKTOp CymecTByeT. ECm ke Takoil BEKTOp He CyIIECTBYET, TO OTBET Ha,
3ampoc GymeT MmycT, T.e. TPOIECC MOWCKA, TIPEPBETCs, He JOXOMs JUCTheB. Eeam
HAIOMHHUTH, 9TO Kax/Ibii BeKTOp (1,5, ...,y 1, y»~ ") Bocnpurnvaercs Kak
o6o3madenne muoxectsa V™ (yl,ys, ...,y 1 ysh), 1o cers U™ nosponser
HAXOIUTH JJIst JIIOOOTO 3a1poca & MOJAMHOKECTBO TOYEK MHOMKECTBa V| KOTOpBIE
YZIOBJIETBODSIIOT TepBhIM (n — 1)-0if mape HepapencTs u3 (12).

Jlerko Bumets, aro T(U™™1) < 4(n — 1),

kD)™ (D))

QU < QU+ e k(1 .
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< (2+¢) (k+2)-<

Tenephb OCTATIOCH CIEIATH TMOCIESIHUI TITar.

PaccmoTpum nponsBosibHBIH TUCT o cett Uy 1.

Mycrs emy mpurmican BekTop (yi, 43, ...,y 1, y8~ "), KoTophii sBIgETCS
o6o3madennem muozectsa V™o (yl, ys, ...,y y2 ™). octponm ais STOrO MHO-
JKECTBa, ceThb Uy, Pelamnyo OJHOMEPHYIO 3aJa9y MHTEPBAJBLHOIO IIOUCKA O
Hoc/IeHell KOOPAMHATE ¥y, DTY CeTh MOCTPOHUM II0 METOJLY, OIMCAHHOMY B JO-
Ka3aTeahCTBe TeopeMbl 9 13 [3], MCTOIb3ysl TEPEKIIoYaTen W MPEIUKAThl 13
muoxkects F, Fy, G1,G3,G5. Ecan 0603HaYUTH

L= V™"(yl,ys, -yt Lys b,

TO WMC/I0 Pebep ITOf CeTH He NPEeBIIAeT
41 —243-2]logl[-c/2" " <4k +6¢c]logk[/2" .

Ormernm Takxke, uro T'(Uy) < R(I) + 5.

OO0bsBIM Tereph JINCT @ BHYTPEeHHel BepIHHOMN, yoepeM MPUTNCAHHBIH eMy
BEKTOD ¥ TPUKDENUM K HeMy ceTh Ul.

[Iponenaem 3Ty omeparyio Jis KaxKIAOro JUCTa ceTd U,_1 U MOIYy9eHHYIO
cerb obo3uauum U,.

Tax xax B cern U, 1 ue 6onee (k (k4 1)/2)" " mucrbes, o

QU,) < (4k +3+ (1+6]logk[) - co) (k (k+1)/2)" "

Jlerko BumeTh, 9TO MOMyUeHHad ceTh U, paspemaer 3ama4dy I, Tak Kak JIs
moboro 3ampoca & = (u1,v1, ..., Uy, Vy,) € TOMOMmBI0 cetn U1 mbr Haxommv
MOJMHOYKECTBO TOYEK MHOXKECTBA, V', KOTOPbIE YI0BJIETBOPAIOT TIepBbIM (1 — 1)-
oif nape HepaBeHcTB 13 (12), a ¢ IOMOIIBIO CeTH, PACTYIIEH U3 BEPIIUHDI IIOACETH
U™~!, cooTBeTCTBYIOIIEH 3TOMY HOJIMHOMKECTBY, MbI BBIOEPEM U3 3TOI'O MOJIMHO-
JKEeCTBa TOYKH, YJIOBJIETPOPSIONIME U [OC/Ie/ el nape Hepasencrs u3 (12).

3aMeTuB TaKKe, YTO MIJIA JTO0T0 3apoca & CYyIIEeCTBYET TOJIHKO OJUH aKTHUB-
HBIH TIyTh, BeJYIMil K KOHIEBBIM BepImmHaM mojacets U~!, To 310 o3mauaer,
9TO A7 JI000T0o 3ampoca Z OymeT akTWBHA TOJBKO omHa w3 momcereit U,, u
3HAYUT

TU™) <4(n—1)+5+R(I)=4n+1+ R(I).

A OCKOJIBKY COMIACHO TPUBHAJIBHON HUYKHEIT OlleHKe [3, TeopeMa 2] MbI MMe-
em

T(I,F) = R(I),

TO TeopeMa IIOJTHOCTBIO JOKa3aHa.
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