1-a jgexknuga Kypca "Teopus
JINCKPEeTHBLIX PYyHKITi"

(1-it kypc; sekrop - npod. A.C.IToxkos3uH)

[losBnerre W pasBUTHE BBIYUCIATETHHON TEXHUKH MPHUBEJO K HEOOXOJIUMOCTHU PeIaTh
MHOZKEeCTBO 3aJ/Ia4 JUCKPETHOTO XapakTepa. Takme 3a7aum BO3ZHUKAIOT KaK TPH pa3pa-
OOTKe YUIIOB, TaK U IIPHU CO3JAHUM NMPUKJIAJHBIX HporpaMm. [y onucanus CTpyKTypbl U
GYHKIIMOHUPOBAHUS BBIYUCIUTEIHHBIX CUCTEM OBLIH CO3/aHbl Pa3HOOOpa3HbIE JUCKPET-
Hble MaTeMaTu4decKnue Mojiesin. B MaTeMaTnke BOSHUKJIM HOBblE HAlIPDABJIEHU, CBI3aHHBIE
C ITUMHU MOJIEJIAIMU - TeOpUs JUCKPETHBIX (DYHKIWH, Teophus aBTOMATOB, TeOPHUs aJro-
PUTMOB, T€OPHs CJTOKHOCTH BBLIYUCTIEHUIT, TEOPUS KOIUPOBAHUS U JAP. DTHU HANPABICHUS,
XOTsl U CPABHUTEJIbHO MOJIOJIblE, PACIIOJIATAI0T BHYIINTEbHBIM 3a11aCOM MOIIHBIX METOJIOB
U HETPUBHUAJIBHBIX PE3Y/AbTATOB. /[aHHbBINA KypC OPUEHTHPOBAH JIUIIb Ha ITPEIBAPUTEIHLHOE
O3HAKOMJICHUE C MUPOM JIMCKPETHON MaTeMaTHKU ¥ MaTeMAaTHIeCKOH KMOEPHETUKHU.

3HaKOMCTBO ¢ Teopueil TUCKPeTHHIX (PYHKINI eCTeCTBeHHO HAYMHATD C IIPOCTERIIEero, Xo-
Ts U HanboJiee PaCIpOCTPAHEHHOTO CAydasd TaKuX (PyHKIWI, - ¢ anaredps! Joruku. OyHK-
Uy ajaredpsbl JIOruku ObLIn BBeieHbl B pacemorpenue [k .Bynem eme B cepeune 19 Beka.
Onu mpeacTapastan coOOM CPeacTBO ONpEIeSaTh HCTUHHOCTH W JIOKHOCTH CIOZKHOTO
BBICKA3BIBAHUS MCXO/d U3 HCTHHHOCTH WM JIO?KHOCTH COCTABJILAIONINX €0 3JIeMeHTaPHbIX
BBICKa3bIBaHUil. COOTBETCTBEHHO, KaK apryMeHThl (PYHKIHMH, TAK W OHA CaMa IIPHHIMA-
JU Bcero aBa 3HadeHns - "wermua' wiam "noxe". Brnocnencreunm K.IIlennon "orkpsLr"
BO3MOXKHOCTD IPUMEHEHUsT TaKuX (DYyHKIMI U1 ONMUCAHASA PAOOTHI PesIeitHO-KOHTAKTHBIX
CXeM, U3 KOTOPBIX COOMpAINCh MePBble KOMIBIOTEPHL. 371ech yrKe (DYHKIUS HMesia 3Ha-
genns () 60 1, COOTBETCTBEHHO OTCYTCTBUIO WM HAJWIHWIO TOKa B MPOBOAHNKE. B Ha-
crosiee BpeMs paboTa ¢ (pYHKIUAMEA aareOpbl JOTHKA - HeOTbeMJeMas 9acTh IMpoIecca
NpOEKTHPOBaHUs YuoB. OHU IMUPOKO NPUMEHSIOTCA W B IPOrpaMMHUPOBAHUU. MBI pac-
CMOTPHM JIAIIb HEOOJIbIION hparMeHT aaredpbl JOIMKH, CBI3AHHBIN ¢ 3a/[a9aMi OJTHOTHI
1 BBIPA3UMOCTH /1T MHOXKECTB (DYHKITHIA.

JlauHBI KOHCHEKT JIeKIUil mnpejacTaBiaser coboil mepepaboOTKy marepuaJia, CoaepsKalie-
roca B yuebnuke C.B.{6omckoro "BBegenue B JUCKPETHYIO MaTeMaTHKy', a Tak:ke B
monorpadun B.B.Kynpsasnesa, C.B.Anemuna nu A.C.Ilogkossuna "Beenenne B Teopuio
aBromaros'. OJHAKO, UMEETCsI CYIIECTBEHHOE PACXOZK/ICHUE MEXK/Ty U3JI0KEHUEM MaTepu-
aJia B Kypce U B 3TUX KHUTAX, OCOOEHHO B 1epBoit u3 Hux. [ 1aBHbIM 00pa30M, OHO BBI3BAHO
HEOOXOIUMOCTBIO YTOUYHEHHST TOHATUS (DOPMYJIBI U TOHATHS paBeHCTBA (pyHKIHiT, 6e3 Ko-
TOPOTO JI0KA3aTeJbCTBA CTAHOBATCS 3aIIy TAHHBIMH U TEPSIOT MAaTeMaTHIECKIOY CTPOTOCTb.
Muorue onpenenenus u GopMyIupPOBKA U3 JAHHON KHUTH HPHUILIOCH CKOPPEKTUPOBATH,
U TTOJb30BATHCS UMU HA 9K3aMeHe B MePBOHAYATILHOM BapHAHTE HE PEKOMEHIYETCS.

Anrebpa sorukm

DyHKIMKU 1 MHOXKECTBA, BOOOIILE

Haynem ¢ manmoMuHaHus HEKOTOPBIX OOIMUX CBOUWCTB (hyHKIHUH u MHOXKecTB. Ilonsarue
MHOKECTBa B MaTeMaTHKe daBjsgeTcs 0asucHbiM. OHO He OlpejieIseTcs, a JUIIb XapaKTe-
pu3yercs MOCPeICTBOM aKCHOM. PaccMaTpuBaloTcst oTHoIIeHHe a € A TpHHAIIeKHOCTH
JEMEHTa ¢ MHOYXKeCTBY A, a Takzke onpejessemMbie depe3 310 orHomenune onepainun AU B,

AUB, A\ B.



[Tousgrue dpyukimu, BoodIe roBopsd, MOZKET OBITH CBEJIEHO K MOHATUIO MHOYKECTBA, Yepes
paccmotrpenue rpaduka 3roit pynkimuu. O HAKO, IPOIIe CIUTATh €ro TOXKe He OIpe/ie/isge-
MBIM, & JIMIIb XapaKTePU3YEeMbIM ¢ IOMOIIBIO aKCHOM. Y TOOBI 3a1aTh (DYHKIUIO [, HY?KHO
3aJ1aTh, BO-TEPBBIX, MHOKecTBO Dom(f), Ha KoTOpoM oHa 3amaHa - 00JIaCTh OMpesese-
Hud (PYHKIMHU, &, BO-BTOPBIX, JIjIg KaXKJOI'0 JIeMeHTa T 00JIACTU OlpejieJieHrs yKa3aTh
sHadenne f(x) aroit dbynknun. Takum 06pazoM, IPUXOIUM K CJICAYIOMEMY ONpPe/IeIeHI0
pamencTBa yHKIHil f, g:

f = g = Dom(f) = Dom(g) & V. (x € Dom(f) — f(x) = g(a)).

Beg sra mpeamOysia mpo OyHKIMH U MHOYKECTBa BBEJIEHA JIUIIH JIJIsT TOT0, 9TOOBI yTOU-
HUTH OOIIENpPUHITOe B MaTeMaTHKe MOHATHE paBeHCTBa ¢yHKui. OHO OTIHYaeTca OT
TOr0, KOTOpoe uMeeTcs B yueOGHuKe "BBeeHre B IUCKPETHYIO MaTeMAaTUKY', T1e paBHBI-
MH MOTYT OKa3aThCsd (GYHKIMH C PA3JUYHBIME 00JIACTAME ompeleseHus. Ha sro crour
O6paTI/ITb BHUMaHHE 1IpU YTeHUUN AaHHOI'O yqe6HHKa.

Koneunblii ynopsijoueHnsiii Habop (aq . ..,a,) - 910, M0 cyTH, ToxKe (YHKIHUS, OIpe/Ie-
JIeHHAsl Ha HAYAJbHOM OoTpe3ke {1,..., n} HATYpAIbHOrO Psijia U MPUHUMAIOIIAST B TOUKE i
3HAYEHHUE ;. TaK KaK MBI OyIeM UMeTh 10 TOJIbKO ¢ YIOPSI0UYeHHBIMI HaOOpaMu, CJI0BO
"yropsimodenabiit" ycsoBumcs omyckarb. C MOMOIIBIO TAKHX HAOOPOB OIPEIEIsIeTCs MPsi-
Moe mpoussegienne A, X ... X A, mHOXKecTB A1,...,A,. OHO COCTOUT M3 BCEBO3MOMKHBIX
HabOPOB (a1, . ..,ay,), 0ae a; € A;;i = 1,...,n. Urorma pacemarpusaercs Ha6op ausbl (.

Omn omnpejiesieH Ha MYCTOM MHOXKeCcTBe u obo3nadaercs A.

Ecim dyukius f oupenenena Ha npamoMm npoussenennn A; X ... X A, To ee Ha3BIBAIOT
dbyukumeil or n mepemMeHHBX U 0603HAYAOT f(X1,...x,). 3aMETHM, UTO HA CAMOM Jeje
HuKakux "mepeMmeHHBIX" y Hac moka Her. OHE HOSBATCS MO3/HEE, KOTJAA pedb MOHIeT O
dopmynax. g pyarmum "gmcio mepeMeHHBIX'" - 9TO HPOCTO YUCIO COMHOXKHTEIEH B
IPSMOM TTPOU3BEIEHNH, SIBJISIOMEMCSI €€ 0DJIACTBIO OIIpeIe/IeHHUS.

Oyukiun aaredpbl JOTUKH

O6o3Haunm mocpeacTsom Fy mu0okecTBO {0, 1}. [Ipsimoe mponssesenne Fy X ... X Ey, re
YUCJIO COMHOXKHTEJeHl paBHO n, obo3nadaeMm B,. OHO mnpejcrapiaser coboit MHOKECTBO
KOOPJUHAT BEPIIUH N-MepHOTro Kyba ¢ Jjaunoit croponsl 1. B anrebpe JIoruku JaHHOE
MHOZKECTBO Ha3bIBAETCsl N-MePHbIM OyJieBbIM KyOom. Jlonyckaercst ciy4dait n = 0, u Torja
OyneB KyO COCTOUT M3 €MHCTBEHHOTO MycTOro Habopa A.

QOyuknuei aaredbpsl JIOTUKA HasbiBaeTcd pyukmus f : B, — Fs. 31ech n - Jgi0boe 1esioe
mHeorpunarenbuoe. UusivMu cioBamu, hyHKIH aare6psl Joruka f(xq, . .., T, ) OmpeaeneHa
Ha HAOOpaxX HyJell W eIUuHUIl, UMEIOIUX JIJIMHY 7, 1 B KA4€CTBE CBOEI0 3HAYCHUS IIPUHU-
maetr 0 qubo 1. Ilpu n = 0 nmonyuaem koncrantubie dbyukiuu 0,1. Habopwr u3 mymeit u
eIMHUTL OyIeM Ha3bIBaTh ABOMYHBIMH HAOODAMI.

MmuozxkecTBO Beex DYHKIUN aareOpbl JJOTUKH 0b03HAUaeTcs P.

Oynknuio anre6pst goruku f(xq, ..., T,) MOXKHO 3a1aTh Tabsureil, nmetorrei n+ 1 cTo-
Oerr. B nepBbIX n cTOIOIAX, COOTBETCTBYIONIUX IEPEMEHHBIM X1, . . ., Ty, NEPEUUCTIIOTCS
Bce 2" BO3MOXKHBIX HAOOPOB WX 3HavdeHUil. B mocsenneM cTos0me YKa3blBaAIOTCS COOTBET-
cTByIonue 3uHadeHust pyuknuu f. Tak Kak BbICOTa TaKOTro cToj0Ia paBHa 2", TO KOJH-
4eCTBO BO3MOMKHBIX CHOCOOOB HX 3allo/IHeHns pasHOo 22" . D10 - uncio Gynxnuit aaredpsl
JIOTWKH, 3aBUCAIIAX OT N HePEeMEHHBIX.



Dyuknuio anredpbr A0ruKu f(T1, ..., T,) HA30BeM CyIECTBEHHO 3aBUCSIIINEH OT MepeMeH-
HOli x;, 1 € {1,...,n}, eciu CymecTBYIOT TAKHE 3HAUYCHUS (1, . . ., 01, (Uit 1, - - ., Ay U3 o,
970

f(CMl, NN 7 0, (O 7T TP ,O{n) 7& f(O[l, NN 7 I 1, (O 7T IO ,an).

B stom ciyuae x; Ha3pIBaeTCs CymecTBeHHON nepementoit ¢pyuknuu f. [lepemennas, e
ABJSIONIASCA CYIIECTBEHHOM, HA3bIBAETCHA HECYIIECTBEHHOM WU (DUKTHBHOM. Y TOUYHHM,
4TO PaKTHIECKH 3/IeCh OJAPA3YMEBAECTCS JIHIIL HOMED IepeMeHHoil i.

[Tycrb @; - HecymecrBeHnas nepementas dbyukuun f(xy, ..., z,). Torga dyukims

g(.?fl, ey i1, i1y - - - ,In) = f(l’l, ey L1, O,LL’H_l, e ,l’n)
HA3bIBAETCS TMOTYYeHHON U3 f yhajgeHueM ¢ - if HecyIecTBeHHON mepeMenHoi. OOpaTHO,
roBOPHM, 4TO f mojydeHa u3 ¢ J0OABJICHHEM i-ii HECYIIECTBEHHON MePEMEeHHOIA.

Ecnu dyuknun f, g nosyaenst apyr u3 Apyra MenovKkoi mepexoI0B BBOAA WU YIAJIEeHUsT
HECYIIEeCTBeHHOI mepeMeHHO!, TO Ha30BeM HX SKBHBAJEHTHBIMU. 3aMETHM, UTO B yIeOHU-
Ke 3T (DYHKITUU HA3BAHBI PABHBIMU, UTO HE COOTBETCTBYET OOIIETPUHATOMY TTOHUMAHUIO
paBeHcTBa (QYHKIIHIA.

DOynknust aarebpst gorukn f(xq,. .., T,) HA3BIBAETCS CAMMETPUYIECKOH OTHOCHTEIHHO Me-
PeMEeHHBIX T;,, ..., T;, , €CIH JI0bad IepecTaHOBKA 3HAYCHUI 3TUX IepeMeHHBIX He H3Me-
HseT 3HadeHus PyHKIuUA. B dacTHOM ciydae, Korma (pyHKIMS CHMMeTpPHUYECKas OTHO-
CUTE/IHHO BCEX CBOUX IEPEeMEeHHBIX, OHa Ha3bIBAETCs cUMMeTpuueckoit. Takyoo (hyHKIINO
MOYKHO 3aJaBaTh TaOJIUIEil, CyIIeCTBeHHO OoJsiee KOPOTKOM, dyeM B obmem caydae. Ona
uMeeT BCEero JBa cToJiona. B mepBoM U3 HUX yKa3bIBaeTCd KOJUYECTBO MEPEMEHHBIX, PaB-
upix 1. Bo BTOpoMm - cooTBeTcTBYyIOINIee 3Hadenue pyHknuu. Tadauna umeer Bcero n + 1
CTPOKY.

O6bruHO PyHKIMK aJredpbl JJOTHKH 3aai0Tca He Tabannamu, a dopmyaamu. s sToro,
HPEXKEe BCEro, BBIICJALAIOTCI HEKOTOpPbIe (DYHKIMHU aareOpbl JIOTHKH, KOTOPbIE CUYHTAIOT-
ca "snementapubiMu. Beibop Takumx GyHKIHRE B JOCTATOYHON CTEIEHH IIPOU3BOJIBHBII,
OJIHAKO Yallle BCEIO PAacCMATPUBAIOTCS CJICAYIOIIHe dIeMeHTapHbIe (DYHKIIH:

1. Koncrants 0,1 (Hyab-mectHbie byHKINR).
2. Toxnecrsennas dbyHKus r (OJHOMECTHAS).
3. ®yukuus "orpunanue", Koropas obosHadaercs T (unorga - —(x)), u paBHa 1 — x.

4. Oyarnus "koubonknua", win "u". Ona obosnavaercsa r1&xo 10O T - T9 U paBHA
MUHUMYMY (WJIM, 9TO B JAHHOM CJIydae TO Ke CaMoe, MPOM3BEJECHUIO) 3HAYCHHUIT
Ty, T2.

5. Oynknug "au3bionkmus", win "win". Ona obo3HavaeTcs rqp V Ty U paBHA MAKCH-
MYyMY 3Ha4eHu#l T, To.

6. @ynkuus "ummankanus (mormgeckas csska "ecom-to"). OHa obo3HaUAeTCST T —
To. DTa GyHKIUS OpuHAMaeT 3HadeHne () B € IMHCTBEHHOM CJIydae: ecim r; = 1, a
ro = 0. lrave ona paBHa 1.

7. O®yugnug "cymma mo moxyaaio 2". Ona obo3HagaeTcs T + To WIH T P To. OOBIIHO
OyIeM UCIOIB30BaTh IepBoe obo3HadeHne. OHa TpUHUMAET 3HAUEHUE, PABHOE CyMMe
10 MOJLYJIIO 2 3HAYeHUil T1, To. MIHbIMU cjrl0BaMu, ona paBHa 1, ecjiu jlaHHble 3HAYeHUs
PA3THIAIOTCS.



8. Oynknusa "sxBuBaIeHTHOCTH' . OHA 0003HAYaETCS 1 < To. PaBHa 1, ecyu 3HAUEHUS
X1, Lo COBIAJAIOT, U paBHa () B IPOTUBHOM CJIydae.

9. @yuknus "mrpux [ledbdepa". Ona oboznavaercs |zy. Ee 3mauenne ompeaensiercs
Kak x1 & xo. HBIME c1oBaMu, OHO paBHO () TOJBKO B Caydae T, = Ty = 1.

10. @yuxuusa "crpenka [Mupca". Ouma obo3naqgaercs v, | xo. Ee 3nauenne onpemensercs
Kak r1 V Xo. lHBIME cjioBamMu, OHO paBHO 1 TOJBKO B cay4ae r1 = o = (.

JBe mocnemnne (GyHKIUA UTPAIOT OCOOYIO POJb. Bo-TIepBBIX, KaxKaas W3 HUX sIBJIsIET-
ca "monHoi" - Wepe3 Hee MOXKHO BBIPA3UTH JIFOOYIO JAPYTYIO (DYHKIUIO aaredbl JIOTHKH.
Bo-BTophix, 0ka3asock, aro dpusndeckas peaausarus 3tux ¢pyHkmnuii " gemresse' | qem pe-
aau3aIus TU3bIOHKINI U KOHBIOHKIUN, W3-33 9€r0 B YUIIaX OHU M BCTPEYAIOTCS TOPa3/I0
Jarre.

Ucnonn3ys snemenTapuble (GbYHKINUU, ¢ TOMOIIBI0 (DOPMYT MOYXKHO ONpEeIeNsTh JIPYTrue
dyukiuu. B Maremaruke noHaTuio (popMyJibl peJIKO J1aloT TOYHOE onpejeienue. Vckiio-
YEeHHUE COCTABJIAIOT JIUIIIL KYPCHI MaTeMaTUu4YeCKONH JIOrIKH. TaM AaeTCA TOYHOE OIIpejae-
JIeHe He TOJBKO TOTO, UYTO Takoe (opMmysia, HO JTayKe TOTO, YTO TAKOe MaTeMaTHIecKasd
TeopHus.

Paznmmune mexay dopmysnioit 1 yHKIIIEH COCTOUT B TOM, UTO (PYHKIHUS - aDCTPaKTHBII
MareMaTudecknit o0ObekT, a ¢opmyJia - JHUIIb CIOCOO ero 3ajaHus. B TpaJuiimoHHbIX
pazjenax MaTeMaTUKW M3y4daloTcsd (PyHKIUH, a He (POPMYJIbl, TOITOMY H HOTPEOHOCTH
B TOYHOM OIlpeJieieHnn (DOPMYJIbl He BO3HUKAaeT. B Teopun nuckpeTHBIX QPYyHKIUN U Ma-
TeMaTHYeCcKO KHOepHeTHKe DACCMATPUBAIOTCI PA3JUUIHBIE CIOCOOBI 3aaHus QyHKIU
- OpPMYJIBI, CXeMBI, MPOTPAMMBI B JP. 3a9aCTYIO CTABUTCS 33/1a9a ONTUMUIAINH TAKIX
CHOCOOOB - YMEHBIIIEHHE YHUC/IA 3JEMEHTOB CXEMbl, YMEHbIIIeHHEe BpeMeHHu ee paboTbl U
.. Takum 06pa3oM, OCHOBHBIM OOBEKTOM HUCCJAEIOBAHUS CTAHOBUTCH yrKe He (DYHKIHUS,
a CIocob ee 3ajaHud, B YaCTHOCTH, popMmysa. Pazymeercs, 4To0bl JJOKA3bIBATH KAKHE-TO
VTBep:KJIeHUs O TAaKOM crocobe, HeOOXOIMMO IMeTh TOYHOEe ero OIpesesieHHe.

K coxanennio, aBrop y4ueOnnka "BBemenne B IUCKpeTHYIO MaTeMaTuKy'", 9T0OB cae1aTh
omnpeaenaerHne (popmysabl "HMHTYHTHBHO H0JI€e MOHATHBIM", BMECTO TPaIUIIMOHHOTO MHLY K-
THBHOIO ONpPEAE/JCHUS U3 MAaTEeMATHYeCKOH JIOPMKH, IPUBEJI TAKYyI0 BEPCHIO, B KOTOPOM
MOHATHST (POPMYJIBI B (DYHKIUKA OTOXKIECTBISIOTCA yzKe B Oasmce MHAYKIHUM: "KaxKmias
dbyukumsa f(zy...x,) u3 B nassBaercs dopmysoit nax B". Takoe "cmazamnmoe" ompee-
JIEHHE, TO-BHIMMOMY, OKa3aJI0Ch He OYeHb XOPOIIeill mieeil, U JEKTOPY OBLIO HOPYYEHO
HCIIOJIb30BATh B JAHHOM Kypce 00bIaHOe ornpejiesienne (hopMyJibl. DTO OlpeesieHue, B3si-
TOE M3 MaTeMaTUYeCKOH JIOrUKHU, ObLIO YIPOIIEHO JI0 TO CTeneHu, B KOTOpoil oHo Oyuer
HEOOXOUMO /I PAOOTHI ¢ JUCKpPeTHBIME (yHKImAMEU. Crepayer 3aMeTuTh, 9TO UCIIO/Ib-
30BaHHe TOYHOI'O ONpeJeeHHs HUIYTh He YCIO0XKHHJIO JIOKA3ATeJIbCTB, & HEKOTOPhIE U3
HUX J1azKe YIIPOCTHIIO.

[Tox dopmysoit B MareMaTHYeCKOH JIOTHKE MOHUMAETCsl CJIOBO B HEKOTOPOM aJihaBuTe
A. AndaButom MOKeT CIyKUTh NPOU3BOJIHHOE KOHETHOE JITO0 HECKOHEYHOE MHOYKECTBO,
a CJ0BOM B 3TOM asidaBUTe HA3BIBACTCHA MPOU3BOJIbHAS (DYHKIIM, ONpe/eeHHasd HA Ha-
JaJLHOM OTPe3Ke HATYPaJIbHOrO Psifia ¥ npuHumaionias 3uadenus u3 A. Ilo cymiecTsy,
9TO CHHOHHM TepMHHa "ymopsimodeHHbIH HaOOp 31emenToB A". Takum oGpasom, ¢I0BO
ai...ap, - dbyukuus «, oupejenennas Ha {1,...,n} u HpUHEMAIONIASA B TOYKe § 3HAYCHHE
;. OGBIYHO BMECTO 3AICH j . . . A, MBI Oy1eM H0JIb30BaThed 3amuchio al) ... a(n). Kak



U B cJaydae HaDOPOB, IyCTOE CJIOBO (CJIOBO C MyCTOi 00JIACTHIO ONMpe/eeHns) 0603HadaeM

A.

Yr06b1 cTpouTh (GOPMYJIBI U3 HEKOTOPOTrO MHOXKecTBa F' (pyHKImit ajreOpel JOTHKH, KO-
TOpbIe MBI 3aXOTHM CYHTATH '"3/IeMeHTapHBIMHU'", HYKHO KaK-TO 0DO3HAYUTH ITU (DYHK-
muu. [Iycth S - MHOMKECTBO CHMBOJIOB (HA CAMOM Jiesie - 00beKTOB MPOU3BOJbHOI TIpH-
PO/IBI), KOTOPbIE OY/IyT UCIOAB30BATHCA JJIst 0003Hadenus Gynkuuii u3 F. Orobpaxkenune
¥ S — F, comocTapsioniee KaxkJI0My CHMBOIY u3 S 0003HAYAEMYIO 3THM CHMBOJIOM
dyHKIMO, HA30BeM cUTHATYpOil A1a [F. Boobire roBopsi, pas/jMdHbIM CUMBOJAM U3 S
MOKET COIOCTABJIATHCS OJHA U Ta yKe (PYHKIIN.

st mocTpoenus hopMyJsI HaM HMOHAIOOATCH TaKzKe IepeMeHHble. BoibepeM Jid Bcex Io-
CJIEIYIONINX PACCMOTPEHU (PUKCHPOBAHHBIH CIeTHBIN cucok X = {1, Ta, ...} OODBEKTOB,
KOTOpbIE 6y,)1€M Ha3blBaTb CUMBOJIaMU II€PEMEHHDbIX.

@opMyJibl B CUTHATYPE X ONPE/IEJSIOTCA HH/YKTUBHO:

1. Ecim x; - cuMBOJI epeMeHHOit, TO 0IHOOYKBEHHOE CJIOBO, 0OPAa30BAHHOE CUMBOJIOM
x; - bopmysia B 2.

2. Ecin s € S, dynkmua f = Y(s) 3aBucut ot n nepemenubx, npudem @i, ..., o, -
dbopmysbt B curnarype X, to ciaoso s(Pq, ..., P,) - dopmyna B curnarype .

Taxum obpazoM, KaxKaasg HopMy/Ia B CHIHATYPE X IPeICTaBIsgeT coboii CJI0BO B aldaBuTe
X U S, nomnoiHeHHOM JIByMsI CKOOKAMH U 3aIlsITOM.

SameruM, 9TO NOKA Mbl HUKAK HE ONPEIETUIN CBsI3b MKy (popMmynaMu u (PyHKIUsI-
Mu. MBI JIUIIB a1l WHAYKTHBHOE OIIpejiesieHne HeKOTOPOMY KJjaccy cJio. [lepeiigem k
YCTAHOBJICHUIO TAKON CBA3U.

IIycre ® - dopmyna B curnarype 3; & = (Z4,...,%;, ) - KAKOH-IMO0 yIIOPSIOUCHHBIH
Ha0Op MepeMeHHBIX, BKIIUAIOIIHIA Bee nepemernbie popmyasl ; & = (aq, ..., qy) - JABO-
UIHBII HAOOD.

Omnpenemum 3unauenue O[T, & dopmynsr ¢ ma Habope & 3HaUEHHIT TEPEMEHHBIX T WH/IYK-

nueil o nocrpoenuto popmyibl P:

1. Ecmu ® ecth opmobyKBenHoe ci1oBo 74, To [T, &) = a;.

2. Ilycte @ umeer Bug s(®q,...,®,), f = X(s), npuuem yxke onpenenennt $q[Z, & =
By, PnlZ, &) = B, Torna
D[z, a] = f(Bry... ., Bm)-

Bamernm, 9T0 (DYHKIMKE MBI IOKA, HE ONpEeIeTUIN. JHatdeHne (hOPMYJIbl Ha HAOOpe 3Hatde-
HU{l IePEeMEHHbIX - 9TO JIUIIb POMEKYTOUHOE TTOHSTHE.

llepemennyio z;; dopmybl ¢ HA30BEM CYIIECTBEHHOM, €CIM CYIMIECTBYIOT TaKHe 3HAYCHUA
Ay, 01,041, .. .,0,, 9TO
O[T, a0, i1, 0,004, ] #F BT, i, L i, )

B nporuBHOM ciydae mepeMeHHasl ;. Ha3bIBACTCS HECYIIECTBEHHON, MM (hUKTUBHOM.
J

O4eBuIHO, YTO /I OJHO3HAYHOI'O OIPEeAeIeHIs 3HAYeHIA (DOPMYJIBI JOCTATOTHO YKA3aTh

3HAYEHUA TOJIBKO €e CYTMEeCTBEHHBIX MepeMeHHbBIX.



[epeiinem Temepsb K onpeaenuto pyHKINN, 3a1aBaeMoii popmystoit. CHadaa paccMOTPUM
caenyromuii Bornpoc. Ilycts mmerorcs ase dopmysabl x Vy u y V z. 3ama0T g 3TH Hop-
MYJIBI OJTHY U Ty Ke (DYHKIUIO uin pa3uble dbyHKOuH 7 C OHONW CTOPOHBI, KaxKaas W3
HUX OHpejesser IBYMECTHYIO TU3BIOHKINI. DTO mpeamnoaaraer orBer "mxa". C apyroi
CTOPOHBI, €CJIN HOJIOKUTH 3HAYEHUsI T,y PABHBIMHU HYJIO, & 3HAYEHHE Z - PaBHbIM 1, TO
3HaYeHnsa (POPMYJI, & CJIeI0BATEIbHO, H 3aJaBaeMbIX UMH (DYHKIMI OKaXKyTCsI a3 THIHbI-
MH. DTO BBI3BIBaeT keaanne orBeTuTh "Her". Kaykyimeecss mpoTuBopedne o0bsICHSIETCS
HEKOPPEKTHON MOCTaHOBKOH Bompoca. B aefictBurenbnoctu dopmysia cama 1mo cede He
3aJ1aeT HUKakoi (pyHknuu. YTobbl oHa 3aaaBaja (DyHKINIO, cleayeT o0g3aTe/bHo J100a-
BUTH K Hell CIHHCOK HePEMEHHBIX, OTHOCHTEIbHO KOTOPBIX OHA OYAET PacCMaTpUBATHCS.
B npuBenenHOoM BbIlIe mMpuMepe KaxKaas u3 (GopMya 3amaBasia PYHKIHUO OT ABYX Iepe-
MEHHBIX - JTU3BIOHKIINIO, eCJIN €€ PACCMATPUBAThH TOJHKO OTHOCHTETHHO €€ COOCTBEHHBIX
mepeMeHHBIX. DTH (YHKIUH, pa3yMeeTcs, coBIaaaoT. OIHAKO, eC/IH PacCMaTPUBATh KazK-
10 (bOPMYJITY OTHOCHTEIBHO MEePEMEHHBIX X, Yy, z (0HA U3 HUX OYJIEeT HeCyIecTBeHHOI ),
TO (PYHKIUHU OT TPeX MepeMEeHHBIX OKaXKYTCS yiKe Pa3JInIHBIMA.

Teneps MOXKHO TIepeiiTi K ONpeeeHnio CBA3u Mexk iy (opmysioi n dyukiueit. [lycrs
® - dopmyaa B curnarype X; P = {x;,,...,x; } - HEKOTOPOe MHOKECTBO MEPEMEHHBIX,
BKJIIOUAIONIEE BCe CYIIeCTBeHHBbIe mepeMeHHble dhopmynbl ®. Bymem camrarh, 9To iy <
io < ... < iy. OG03HAUUM T = (Ty,,...,T; ). Paccmorpum byHKIuoO ajiredpbl JIOIMKHI
f, onpenenennyio Ha B, u Takywo, 4rTo mid Jjwboro & = (ai,...,q,) € B, BBIIOJHEHO
flag, ... a,) = @[z, al. Ckaxem, aro dbopmyna ¢ onpenensier GYHKIHUO [ OTHOCHTETBHO
nepeMenubix P (uan s nepemenubix P'").

MoxkHo He yrounsatb P (ecaum @ u f yxke mmerorcs) u roBoputh, 4to ¢ omnpegenser f,
€CJIM TeKYIUI KOHTEKCT TO3BOJISET TAKOE COKpPAIIEHHE.

Bynem naswpiBaTh (OpMYyJIBI B CUTHATYpPE Y, TPEICTABJIAIONINE CODOH IepeMeHHbIe, BbI-
POXK/IEHHBIMU, a Ipovune (POPMYJIbl - HEBBIPOZK ieHubIMU. Ecn dyukius [ oupejesisiercs
B curHarype % : S — F HeBbIPOXKIeHHON (hOPMYJIOil, TO TOBOPHUM, 9TO OHA IMOJIyYeHa
cynepno3uruMsiu 13 GyHKui cucrembl F (nam "mosydena cyneprnosunusivu vHag F!').

Bripoxkaennbie hopMyIbl 0OTOPACHIBAIOTCS MPOCTO MTOTOMY, 9TO OHH 33AI0T TOYKIECTBEH-
HYI0 (DYHKIUIO, W €CJU HAC WHTepecyer, Kakue (PyHKIUU MOZKHO IOJIyYaTh [IPU TOMOIIN
"ssrementapubix" dyHKIM w3 F, TO HET HUKAKWX OCHOBAHUIl Cpa3y M0OABISTH TOXKIE-
CTBEHHYIO (DYHKIIHIO - BeJb OHA MOYKET W HE BBIPAXKATHCS depe3 (DYHKIUH CUCTEMbI F.
OHaKO, 171 YIPOIIEeHUsI HHIYKTUBHOIO ONIpeiesieHns (popMyIIbl HCIOIb30BaHNe B Oa3uce
UHIYKIIAU TIePEMEHHBIX BIIOJHE OMPABIAHO.

Cymepro3unun MOYKHO ONPeAesaTh u 0e3 MOHITHsT (DOPMYJIBI, HCIOTB3YS CAeIYIOIINe TPH
olepalyy, MO3BOJILIONINE BbIPazKaTh HOBble (DYHKIIUU Yepe3 paHee IOy YeHHbIe:

1. Omeparnus moaICTAHOBKH MEePEMEHHBIX.

[Mycrs f(z1,...,2,) € Ps. Paccmorpum yuopsiyiouennbiii Habop (iq, .. . , i, ) 3J€MeEH-
toB MHOXKecTBa {1,...,n}. B arom Habope mOMyCKAIOTCS MOBTOPEHUS SJIE€MEHTOB.
Hanpumep, Bce oHn MoryT coBnagath. [lycte g(z1, ..., x,) - OYHKIMS, ONpe/IeeH-
Hasg Ha B, a 3Ha4YeHHUs ee 33 JIAI0TCA PABEHCTBOM:

g(xy, .. xn) = floy, .., 25,)-
Torma ckazkem, 4TO ¢ IMOJIyUYeHA U3 [ Olepamyeil MOJICTAHOBKH IePEMEHHBIX. 31eCh

Tepmun "mozcTanoBka' Oeper CBOM HCTOKH B MaTE€MATHYECKOIl JIOTHKE, IJie Onpe-
JTEJISIETCST OTepaliusl MOCTAHOBKYA B (DOPMYJLYy BMECTO HEKOTOPBHIX €€ MepPeMeHHBIX



Kakux-To Apyrux ¢popmysn. OH HUKAK He CBsI3aH ¢ TepMuHOM ''mojgcranoBka' u3 asi-
re6pel. B wacTHOCTH, ele pa3 MOBTOpUM 3TO, B Habope (iy,...,0,) JOIMYCKAIOTCSI
HPOU3BOJIbHBIE COBIAJICHUS PA3PsAI0B. 3aMETHM TaK:Ke, 4TO B JAaHHOM IYHKTE MBI
BoOOIIEe He paccMaTpuBaeM (bopMyJs U paboTaeM TOJBKO ¢ (byHKIEAMHA f, g.

2. Omneparnust MOACTAHOBKU OHON (PYHKIUU B JAPYTYIO.

[Tycts mmerorest byuknun amrebpst doruku f(xy, ..., x,) u g(xy, ..., x,). Pacemor-
puM (pyHKIMIO h, onpejeseHHyo Ha B, ,_1, 3Ha4eHUs KOTOPOH 3aJ1al0TCs CJeTy-
IOIUM PABEHCTBOM:

h(xb s 7$n+m—1) = f(xla ce 7$n—17g($nv s axn—l—m—l))-
CkaxkeM, 4To 3Ta QyHKIUA ToJaydeHa n3 GYHKOHH f, g onepanueil MOICTAHOBKH
ofiHO# (DYHKIHMH B JIPYTYIO.

3. Omnepanus nobapienns aud0 yiaaeHus (PUKTUBHON TepPEeMEeHHOIA.

DTa oneparus yxke ObLIa Olpejie/ieHa B HAYa e JIKIUN.

MokHo j1I0Ka3aTh, 4TO PYHKIUS TOIJIA U TOJIHKO TOT/IA HOJIYYaeTCd CYLEPIO3UIUAMEI HAJI,
F, korjpa ona MoxkeT ObITh noJrydena u3 (PyHKIMA cucTeMbl F' KOHEYHO 1MOC/1€/10BaTE b
HOCTDBIO TTPUMEHEHUH yKa3aHHbIX Tpex omeparuii. [lo cyTu, 3T0 elie 0fHO OInpejie/eHe
CyTepro3unun. /oKa3aTeabcTo 3TOr0 YTBEPKIEHWS BBIXOJAUT 33 PAMKH JIAHHOTO Kypca,
TaK KaK OTHOCUTCH CKOpee K MaTeMaTUIecKOil JIOTHMKe, HeXKeTW K TEeOPUH JTUCKPETHBIX
dbyuknuii. XoTst OHO U HECTIOKHO (BCe JeIaeTcst 0 MHIYKIUK), HO TOTpe60oBaI0 GBI TOU-
HOT'O OIIpeJieIeHns OllepalliK 110/ ICTAaHOBKK B hopMysy Habopa dopmyn BmecTo Habopa
MEePEMEHHBIX, & TaKyKe MOHATHI BXOXKJEeHHS B (DOPMYJIy M ONEpAIlUU 3aMEHbl 3aJaHHOTO
BXOXKJeHUS B PopMyJsy Ha Apyryio dopmysy. [lpunuiocs 66 10Ka3bIBATH TaKKe JIeM-
My O TMOJICTAHOBKE W JIEMMY O 3aMeHe - YTBepOXKJIeHWs O TOM, YTO YKa3aHHbIe OTepaIuu
HaJT (DOPMYIAMU MPUBOJAAT K aHAJIOTHIHBIM OllepanusamM Hal byHKIusaMu. Bee 3To gameko
yBeJsio Obl B CTOPOHY OT paccMOTpeHus (hbyHKIUH ajreOpbl JOIUKH.

OpHako, KpaTKuii HaOPOCOK JI0OKA3aTeIbCTBA BCE XKe ciaeayeT JaTh. UToOBI MOKa3aTh,
9TO Kaxkjiasi (PYHKIMS, OIpejieisieMas HeBbIPOXKIeHHOH (hopMyJIoit, MOXKeT ObITH IOJIy-
YeHa YKA3HHBIMU TPEMsI OMEPAlUsIMH CYMEePIO3UNHUSIMHA, MOYXKHO MPOBECTH WHIYKIIUIO 110
ompesaeaennio (gopmysbl. baszuc nnayknuu oveBugen. Eciu BBoguTCd HOBas dopmysia
$(Pq1,...,P,), f = X(s) TO AJsI MOSYUEHUST OMEPAIUAME CYTEPIO3UIHA OIPeIesIeMOit
eto dbyuknuu f(g, ..., gp) MOKHO MOCTETOBATEIHHO MEPEMEIIATH ONMePANneii TT0ICTAHOB-
KI IePEMEHHBIX apTyMeHTHI +; (DYHKIUK [ B KOHEIl CIIUCKA TePeMEeHHBIX, a 3aTeM IOICTaB-
JISITh BMECTO HUX COOTBETCTBYIONIYIO (DYHKIHIO ¢; ONepaIueil moJIcTaHOBKYH OMHON (DyHK-

nun B apyryo. Hanpumep, pacemorpers GyHKINoO (T, ..., Tnh1,21) = f(z1,...,2,) 1
3aTeM MOJCTABUTD B ¢ QYHKIUIO g; BMECTO x1. Takum obpasom moayaurcs f(gi, To, ..., Ty),
U T.1I.

O6paTHO, 9TOOBI TTOKA3ATh, ITO KaXKAas (DYHKIHS, TOJTydaeMast OMePaIUsIMi CyIepo3u-
IUU, MOXKeT OBITh 3aJlaHa POPMYJIOH, NCIOIb3yeTcd HHAYKIINS [0 JTNHE TeTOYKU TpruMe-
HeHuil 3TuX omeparuii. B ciaydae omepanyuu moICcTaHOBKY MTePpEMEHHBIX HYKHO TPUMEHUTH
K (popMmyJie cOOTBETCTBYIONLY IO 1IO/ICTAHOBKY llepeMeHHbIX. B ciiydae onepanuu 1o/ icTaHoB-
KU OJIHOHN (hOPMYJIbI B APYTYIO - HPEIINPUHATD MOJACTAHOBKY st hopmyst. [lobasienue u
yJIaJIeHre HECYIIECTBEHHBIX MMePeMEeHHbIX U3MeHeHus (popMyJibl He Tpedyer.

Eue pa3 nosropum, j10Ka3aTejibCTBO YKAa3aHHBIX JIBYX OIIPEJIE/JIeHUIl CYHEepIO3UuIiu, 1
? 7
Jazke HaOPOCOK ero, B IpPOrpaMMy JIAHHOTO Kypca He BXOJAT, TaK KaK OTHOCSTCS, II0



CYIIECTRY, K KypCy MaTeMaTHIecKoil Jioruku. Ha 3kazameHe 3TOT BONPOC 337aBATHCA HE
oyaer.

Bropoe onpepesienne cyneprnosunuu OyaeT oObIYHO HUCIOJIB30BATHCA B PA3JIUUHOIO POJIA
MHIYKTUBHBIX JIOKA3aTe]IbCTBAX. 31eCh OHO yaobHee mepBoro. OIHaKO, B HECKOJIBKHX CJIy-
JasIxX MepBoe Olpeie/IeHIe OKazxKeTcd TPYAHO 3aMeHUMbBIM. COOCTBEHHO, M1 ATUX CIYYaeB
¥ HPHIILIOCH BBOAUTH TOYHOE Olpejiesenne (hopMyJibl.



